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PREFACE TO THE AMERICAN EDITION

Although algorithms have been known and used since antiquity,

the theory of algorithms has been developed almost entirely m the

twentieth century. Fundamental to the theory is the question of

algorithmic solvability and unsolvability. In defining rigorously the

term algorithm the author considers the close relation between

algorithms and computing machines. Indeed, he proves the algorith-

mic unsolvability of several problems using a special type of com-

puting machine called the Turing machine.

The reader wUl need no specific information from other branches

of mathematics beyond intermediate algebra to be able to read the

book. However, he will have to be able to follow a rather complex

train of logical thought.

References to several of the topics discussed are given in the

BibUography.
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which for every letter a of the alphabet, there is a letter a of the
alphabet (possibly equal to a) such that

aa A
appears in the list of admissible substitutions. The significance of
this condition becomes clear if, as in section 14, we interpret a
letter as an elementary transformation and a word as the product
of the elementary transformations corresponding to the letters in
the word. In this case, the empty letter corresponds to the identity
transformation (the transformation which leaves all elements where
they are). The existence of the admissible substitutions aa - A
then means that for every elementary transformation a there exists
an elementary transformation a such that the application of a
followed by a is the identity transformation. Without going into
further detail, it should be noted that the investigation of such sets of
transformations, called groups of transformations, is of considerable
practical and theoretical interest, the concept of group being one
of the most important in modern mathematics.

It is well to realize that the very important results of Markov
and Post referred to above still allowed no conclusions to be drawn
about the identity problem in group theory. This was because the
calculi constructed by Post and Markov did not satisfy the group
axiom given above. Therefore, there was still hope for the con-
struction of an algorithm for this problem, and efforts continued
to be made until Novikov's result was published. Novikov con-
structed an example of a calculus satisfying the group axiom, for
which no algorithm exists. Therefore, a general axiom for all groups
is likewise impossible.

The examples constructed by Markov and Post were very com-
plicated and involved hundreds of admissible substitutions. The
problem of finding a simpler example has recently been solved by
several people. For example, G. S. Tsentin constructed the calculus
of the example in section 12, which contains only seven admissible
substitutions, and for which the word problem cannot be solved
algorithmically.

The discovery of algorithmically unsolvable problems gave rise
to a situation in which a mathematician trying to construct some
algorithm must consider the possibihty that the algorithm does
not even exist. Therefore, paralleling the efforts to construct the
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desired algorithm, efforts must be made to prove the nonexistence of

this algorithm. Thus, the solution to such a problem can be either

1) the discovery of the algorithm

or

2) a proof of its nonexistence.

In section 3, we described Hilbert's problem on Diophantine

equations. For half a century, fruitless efforts have been made to

construct an algorithm for this problem. More recently, efforts

have been made in the opposite direction, that is, to prove that

there is no such algorithm. Although there is still no final result,

the partial results which have been obtained so far make it seem

likely that Hilbert's problem is algorithmically unsolvable.

I
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13. The Nonexistence of an Algorithm
for the General Word Problem

In this chapter it is proved that there is no algorithm for deter-
mining word equivalence in an arbitrary calculus. This proof is in
two parts.

In the first part associative calcuh n with directed substitutions
v^ -* e are considered (see section 1 1). For such calculi, which may
be called asymmetric calculi, we consider the problem of trans-
latabihty. A word R is said to be translatable into a word S if there
exists a deductive chain

R-^R,-^R2~^ ^R^^S,
where the arrow indicates that the preceding word can be trans-
formed mto the following one by the appUcation of one of the
directed substitutions. It is established that there is no algorithm
for determmmg the translatability of words in an arbitrary asym-
metric calculus. From the calculus tt we can derive a calculus -n'

obtained by replacing each of the directed substitutions ^-^ O by
the corresponding undirected substitution P~Q.

Obviously, if a word R is translatable into a word S in the cal-
culus w, then these words are equivalent in it'. The converse asser-
tion IS not generally true, since in establishing equivalence, the
converse Q~^P of any admissible directed substitution P^Q
may also be applied. Hence, the result obtained for asymmetric
calcuh does not automatically extend to the equivalence problem
In the second part this difficulty is overcome and the unsolvability
theorem for the equivalence problem is proved.

45. NONEXISTENCE OF AN ALGORITHM FOR
DETERMINING TRANSLATABILITY

Theorem 1. There is no algorithm which determinesfor every
pair of words R and S in an asymmetric calculus whether R is trans-
latable into S.
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The Droo/ of Theorem 1 is accomplished by reducing the trans-

latability problem for asymmetric calculi to the translatabihty

problem for Turing machines. Inasmuch as the latter is algonth-

mically unsolvable, so is the former.

Consider any configuration for a Turing machme. We shall call

the following cells of this configuration active:

(a) the scanned cell;

(b) the cells which contain a symbol other than the empty

symbol;

(c) the cells which lie between cells of type (a) or (b).

The set of all active cells forms a continuous block on the tape,

its active part. Some configurations are represented in Fig. 26, with

Mil lal lAl«li nil Ia| \li\«\{

qo <?»

Mil lal I/8UI I /! Il«l I I I f

I

qo qo

(c) (d)

Fig. 26

their active parts marked. The scanned cell in Fig. 26a is an interior

cell of the active part of the tape; that is, it is not either the leftmost

or the rightmost cell of the active part. We shall call such a configu-

ration interior, as opposed to configurations such as those of Fig. 26b,

26c, and 26^, which we shall call respectively left, right, and unit

configurations.

Let the external alphabet of a machine be

Si, S2, . - ,Sm

and its internal alphabet

qi, q2,---, qk-

Let us introduce one more letter h (which does not enter into

either of the above alphabets) to denote the boundaries of the

active portion of the tape. Every configuration can then be repre-

sented as a word hRh, where the word R is constructed as in sec-

tion 38. We shall call these words C-words (configuration words).

93



For example, from the configurations of Fig. 26 we obtain the words

h\AaAqo^ah; h\qo a A pah;
h\ A a A /ia A qoh; haqoh.

We now associate with the machine M a calculus vr^ defined as
loUows.

1. The alphabet of ttm consists of the letter h and all letters of
the alphabets of M. Note that while every C-word is a word in the
calculus w„, not every word in ^^ is a C-word. For example, the
letter^i appears twice in the word hs^q,s^q^h, which is impossiblem a C-word. ^

2. The (directed) substitutions in ttm are constructed in such away as to guarantee the admissibility of those transformations of
C-words which correspond to the execution of instructions in the
macmne.

Consider an instruction of the form

sq-^s'Sq',
(1)

in which the tape is not moved. It is easy to see that the same cells
are active after the execution of such an instruction as before Com-
paring the C-word before and after the execution of the instruc-
tion, we see that the pair of letters sq has merely been replaced by
the pair of letters s'q'. Thus, to the instruction (1) in the Turing
machine we associate the directed substitution in the calculus tt^

sq—> s'q'.

If an instruction moves the tape, then the active part of the tape
can change depending on the type of configuration (interior, left
etc. and the shift direction (left, right). Thus, we do not have a
single substitution corresponding to the instruction (as in the case
of instruction (1)), but rather a set of several substitutions.

Example. The instruction

I ^0—> A Rq2

from the functional matrix for addition gives rise to the configura-
tion transformations shown in Fig. 27.

1^^^" ^'^' ^'''^' ^^^ ^^"^^ P^^^ °^ ^^^ *^P« remains active. In Fig^b and 27c, the active part shrinks and expands respectively In
Fig. 27^, the active part is shifted but remains the same size.
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Fig. 27

For the corresponding C-words we have the transformations

represented in Table 3.

Table 3

Initial C-word

h\\qo\h

h
\

qo\h

h\\qoh

h
I
qoh

Transformed C-word

h\/\\q2h

h\qih

h\AAq2h
h/\q2h

It is easy to see that the words in the right-hand column can-

not be derived from the corresponding words in the left-hand col-

umn by applying the same directed substitution.

We shall now show how to construct the system of directed

substitutions corresponding to instructions of the form

sq-^s'Rq'. (2)

(The case of instructions of the form sq-^s'Lq' is treated

analogously.) „ . .. ^ 1 .„

We introduce the following notation: if the cell immediately to

the left of the scanned cell is active, we denote its contents by a;

similarly, t denotes the contents of the cell immediately to the

right of the scanned cell, provided that it is active. Note that a or t

or both could be the empty symbol.

We shall classify the substitutions corresponding to instruction

(2) according to the type of configuration:

1 Interior configuration. The C-word contains an occurrence

of a word asqj (where a and t are any letters of the external alpha-
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bet of the machine). With each such word we associate the
substitution

osqr—> os'rq'.

2. Left configuration. The C-word contains an
occurrence of a word hsqr. We associate with it

the substitution

hsqr—>hs'Tq' ifs'^A,
hsqr—> hrq' if 5' = A .

The latter substitution reflects the fact that the cell
containing s becomes inactive (see Fig. 28).

h h

[jTiri

\

\

\

h\ ,„

oinn

Fig- 28

3. Right configuration. The C-word contains an i \ . n
:urrence of a word osqK with which we associate 4^^occurrence of a word asqh, with which we associate

the substitution

osqh—> OS' A q'h,

which reflects the fact that the active part of the
tape is enlarged (see Fig. 29).

4. Unit configuration. The C-word is of the form
hsqh\ with it we associate the substitution

hsqh—> hs' A q'h if 5' 7^ A ,

hsqh—^h Aq'h'ifs' =A.
The latter substitution reflects the fact that the active
part of the tape is shifted (see Fig. 30).

\h

OS' u

Fig. 29

h h

\q\
V \

\ \

\ \

h\ \h

CEXD

Fig. 30

This concludes the enumeration of all the directed substitutions
in ttm which arise from machine instructions of the form (2).

Example. For the Turing machine 2 for addition (see section 31)
construct the corresponding calculus 77 ^ .

The alphabet of tt v is

I.A, *, /2.

I
Sqi corresponds to the substitution

The instruction A ^2

A^2- l?i.
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The instruction l^o-* A Rq2 corresponds to the substitutions:



ThroremV'^"'^^^^'''"*^
^''°^'^" ^°'' ^"""^ '"achines. This proves

IfJB represents only the final configurations for the machine Mwe obtain the following theorem.
Theorem 2. There is no algorithm which allows one to determine

for cin arbitrary asymmetric calculus and an arbitrary pair of words
31 and S, of which the second is reduced whether or not t is trans-
latable into 33

.

46. UNSOIVABIIITY OF THE WORD EQUIVALENCE PROBLEM
Let ^ and 5 be two C-words in the calculus ttm. IfR is translata-

ble mto Shy directed substitutions, then R is afortiori equivalent toA m -nu. Do any further equivalences arise if the directed substitu-
tions are replaced by the corresponding undirected substitutions'>
1 he answer to this question is given in the following lemma

Lemma. If S is a final C-word and R is equivalent to S in nu
{admitting undirected substitutions), then R is translatable into S using
only the directed substitutions of -nu.

The algorithmic unsolvability of the word equivalence problemm associative calculi follows directly from this lemma. For if there
were an algorithm for determining whether or not words are
equivalent, it would solve the translatability problem in asymmetric
calcuh. But by Theorem 2, there is no such algorithm

Proof of the lemma. U R ^ S, then there exists a deductive
chain leading from R to S:

R = Ri- R2-R3- -R^,-R^ = S. (3)

Let Rjand /?,+i be two adjacent words in this chain. If the passagerom R^ to ^,+1 is accomplished by applying a directed substitu-
tion of the form P^ g, we write /?, -. /?,,,; and if it is accom-
phshed by applying the converse of one of the given directed
substitutions (see p. 92), we write /?, ^ R,^,. Now consider the fol-
lowing possibihties for three consecutive words in the chain (3):

Rj-i ^ Rj -^ Rj+i,
(4)

Rj-i^Rj^^Rj^i.
^5)

By virtue of assertion 2, the words R,_, and R,,^ must coincide
in case (4), since only one substitution is applicable to the word
Ri. Hence, such a triple of words can be eliminated from a deduc-
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tive chain simply by deleting two of its elements (say, «,-i and

R,) In case (5), however, the words «,_i and /?,>i can be different

In terms of the Turing machine this means that the configuration of

the machine does not uniquely determine the preceding configura-

^''^'now turn to the chain (3). Inasmuch as Rk is a final configura-

tion we can only have R^-i ^ Rk (see assertion 3). If all the

arrows point to the right, the lemma is proved. Suppose that

there are arrows pointing left, the last one being, say, from Rj to

i?,_i. Then there is a triple

from which two words can be deleted, giving us a shorter deduc-

tive chain leading from R to S. Continuing this elimination process,

we finally arrive at a chain which cannot be made any shorter;

this will then have to contain only arrows pointing right. Thus, R

is translatable into S by the admissible directed substitutions.

r
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Introduction

Since 1948 there has been great progress in the development of

automatic high-speed computing machines, which are now used to

solve many kinds of mathematical and logical problems. The fea-

ture which distinguishes these machines from earlier calculatmg

machines is automatic control. Once the initial data and the pro-

gram are fed into a machine and the machine is set runnmg, it works

through to the final answer without any human intervention. The

productivity of modern electronic machines is enormous. They cari

carry out as many as 20,000 arithmetic operations in one second,

which is far more than a skilled operator could do in a whole day s

work on a good calculating machine.

The range of application of automatic machines keeps growing:

machines solve comphcated systems of equations, translate from

one language to another, play chess, etc. They are used in large

factories to control technological processes. Also, the fact that

experimental data can be analyzed rapidly and accurately by ma-

chines makes possible the use of hitherto impractical methods

of research in many scientific fields. In general, automatic comput-

ing machines are already recognized as powerful tools for free-

ing people completely from certain types of labonous tasks.

But these real accomplishments have given rise to many un-

founded illusions and fantastic predictions about all-powerful ma-

chines. In particular, we might mention stories of "giant electronic

brains," and of automata which can solve any problem and thus

replace creative research. In view of this, the question of what

actually can be done by computing machines becomes very im-

portant and timely. This question is answered from one point of

view in the modern theory of algorithms, an important branch of

mathematical logic.

Mathematical logic investigates the nature of such concepts as

"calculation process," "mathematical proof," and "algorithm
"

Several years before the invention of modern electronic machines,

an exact definition of "algorithm" and a general scheme for an

automatic computing machine (the Turing machine, Chapter 8,

iThis number is constantly increasing.



Concluding Remarks

In conclusion, let us make several general observations.
1. In the first place, theorems on the algorithmic unsolvabilityof some class of problems should not be a cause of despair. Such

d. n!?.'"" ?^ proves that there is no algorithm capable of han-dlmg the enure class of problems. This does not mean that among
the particular problems comprising the class there are none whichcan be solved aIgonthmically. For example, the theorem proved insection 42 should not be taken to mean that for a specific machiile
It IS in principle impossible to establish whether or not it is self-
computable. It only means that the class of problems is too wide-
hat here IS no single algorithm which will solve all problems ofthe class In such situations, one tries to construct more and more

general algorithms for solving more general subclasses of problems
ot the given type.

^

2. In the second place, theorems of algorithmic unsolvabihtyshow that mathematics does not reduce to the construction of
algorithms Even in comparatively narrow areas of mathematics
for example the theory of finitely generated groups), there are ex-
tensive problems which cannot be solved by any kind of automaton
(Turing machine with a finite number of states and a finitememory

.
This shows the absurdity of statements about machines

tully replacing the creative work of science.
3. At the same time, it must be recognized that the range of

application of algorithms is very large and is not restricted to the
computational processes which arise in mathematics. For manv
processes which are usually considered difficult and complicated
It IS possible to construct algorithms which are basically rather
simple; the practical difficulties connected with carrying these
processes out arise from the fact that the algorithms often re-
quire an enormous number of operations to be performed (even
hough each operation itself is simple). This remark applies in par-
ticular to games (and especially to chess), where victory usually
depends on the ability to survey a large number of possibilities in
order to determine the optimal move.
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With the construction of high-speed computing machines, the

number of practical algorithms was enlarged considerably.

4 Finally, we mention once again that every real computing

machine may be considered as only an approximate model of a

Turing machine. That is, every real machine has a l-te^i -t-nd

\^^rv whereas the Turing machine has an infinite tape, ui

7:Z\ iX^cX possible to construct an infinite memory^

bu" a inificant increase in the size of machine memories n

comoarison to the level previously achieved, is not only desirable

brquUe po sible. Thus^ncreasing the size of external memories

andTncrersing calculating speeds should bring further great ad-

vances in the development of computing automata.
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described m 1936 in a paper [l]i on the theory of algorithms)
were worked out, and the close connection between algorithms and
machines was clarified. This formed the basis for a series of
important theorems about automatic machines; in particular itwas proved ri^gorously that there are problems which machines
cannot solve. We shall discuss some of these matters in this bookm sections 1-4 we explain what an algorithm is and construct
algori hms for the solution of certain classes of mathematical and
logical problems.

In sections 5-6 we discuss the principles of organization of elec-tromc computing machines, as well ^.programming (the construc-
tion of algorithms designed to be executed by machines)

In sections 7-13 we present a number of important facts from

machine
'^ algorithms, based on the concept of the Turing

The length of many proofs makes it impossible to include them
in a book of this size, but this lack of complete detail should make
It easier to grasp the general outline of the subject.

Modern automatic machines are called electronic because themain elenient in their construction is the electron tube (and more
recently the transistor). The use of electronic techniques provides
a great saving of time in the individual operations performed by a
machine. However, the basic feature of these machines-automatic
control-is independent of the use of electronics. In principle, one
could build a mechanical automatic computing machine which
would solve the same problems as the electronic machines (although
it would be much slower); we cannot consider the development ofmodern computing machines to be solely the result of progress in
electronics. In fact, the first general scheme^ for an automatic com-
puting machine (the Turing machine) was in terms of a mechanical
system. The first machine actually constructed (1940) was electro-
mechanical.

We shall not go into the technical details of machine construc-
tion but shall discuss chiefly the function and interaction of the
various parts of computers, confining ourselves to their mathemati-
cal and logical aspects.

'See Bibliography on page 101

Charles Babbage originally conceived in the 1830's. although never built Babbaeeenvistoned a mechantcal device consisting of a 1000-word memory an arithmetic

rL\r;r;urLd"cl;dr;:r"'''"'
'-- '• -^-^ -^ .^o^^i::^^



I

1. Numerical Algorithms

The concept of algorithm is one of the basic concepts of mathe-

matics By an algorithm is meant a list of instructions specifymg a

sequence of operations which will give the answer to any problem

of a given type. Of course, this is not a precise mathematical defi-

nition of the term, but it gives the sense of such a definition. It reflects

the concept of algorithm which arose naturally and has been used

in mathematics since ancient times.

The simplest algorithms are the rules for performing the four

arithmetic operations on numbers written in decimal form (The

term "algorithm" comes from the name of a medieval Uzbek

mathematician, al-Khowarizmi, who gave such rules as early as the

ninth century.) For example, the addition of two multidigit num-

bers consists of a series of elementary operations, each of which

involves only two digits (one of which may be a stroke to denote

a one carried from the previous step). These operations are of two

types- (1) writing down the sum of corresponding digits; (2) mark-

ing the carrying of a one to the left. The instructions give the proper

order for performing these operations (from right to left). The ele-

mentary operations are purely formal in that they can be carried

out automatically, using an addition table which can be written

down once and for all without reference to any particular problem.

The situation is analogous for the other three arithmetic opera-

tions for the extraction of square roots, etc. The formal character

of the corresponding instructions (algorithms) is readily apparent,

especially in the procedure for extracting square roots.

1 , THE EUCLIDEAN ALGORITHM

As a further example we shall consider the Euclidean algorithm

for solving all problems of the following type.

Given two positive integers a and b, find their greatest common

divisor.
, , ^ , • .

Obviously, there are as many difl-erent problems of this type as

there are diff-erent pairs of positive integers a and b. Any of these



problems can be solved by constructing a descending sequence ofnumbers, the first of which is the larger of the two given numbersthe second the smaller. The third number is the remainder from

fn^7 ." ''l"^
'^' ^''°"'*' '''' f^"^^h number is the remainderfrom dividing the second by the third, and so on. This process isrepeated unti one of the divisions leaves no remainder The

divisor in this last division is then the required number
Since division can be reduced to repeated subtraction, the algo-rithm for solving any such problem can be put in the form of fhefollowing list of instructions.

Instruction 1. Consider the pair of numbers a, b. Proceed to thenext instruction.

tJ!'"T!''"
^- ^^P^""" '^^ '^° ""'"''^^^ ""der consideration

that IS determine whether the first equals, is less than, or is greater
than the second). Proceed to the next instruction

Instruction 3 If the numbers are equal, then each of them is

instruction
''' '^^ 'calculation stops. If not, proceed to the next

Instruction 4. If the first number is smaller than the second in-
terchange them and proceed to the next instruction

Instruction 5. Subtract the second number from the first and
replace the two numbers under consideration by the subtrahend
and the remainder, respectively. Proceed to instruction 2

Thus, after carrying out all five instructions we return again to
he second instruction, then the third, then the fourth, then the fifth
then back once more to the second, third, etc., until the condition
given in instruction 3 is met, that is, until the two numbers under
consideration are equal. When that happens the problem is solvedand computation stops.

While it is true that algorithms are not always presented withsuch pedantic formality, there is no doubt in anyone's mind that
It IS possible to present any known algorithm in this formal fashion

In the instructions for the Euclidean algorithm, the basic opera-
tions from which the process is constructed are the operations of
subtractmg, comparing, and interchanging two numbers. It is easy
to see that these could be broken down much further; for example
mstruction 5 could be expanded into a separate algorithm for sub-
tracting one number from another. However, since the rules which
govern the arithmetic operations in such cases are very simple and
familiar, it is unnecessary to describe the algorithm in greater detail.

4
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2. NUMERICAL ALGORITHMS

Algorithms based on the use of the four arithmetic operations

are called numerical algorithms.^ They play an important role m

both elementary and advanced mathematics and are usually given

in the form of verbal instructions or various kmds of formulas or

schemata. For example, an algorithm for solving a system of two

linear equations in two unknowns,

axx + bxy = Ci,|

a2X + b2y = C2,J

is given by the formulas

cifcz - C2bi _ aiC2 - ajCi

^ -
aib2 - 02^1

'

^^1^2 - 02^1
'

in which the operations as well as their order are completely speci-

fied. The formulas give the same chain of operations for all prob-

lems of the given type (that is, for any coefficients fli, az, bi, 62, ci,

Co, provided ^1^2 - «2*i ¥^ 0)- „ , • .u

It is interesting to note, however, that generally speaking the

number of operations which must be performed in solving a par-

ticular problem is not known beforehand; it depends on the par-

ticular problem and is discovered only in the course of carrying out

the algorithm. This is the case for the Euclidean algorithm, where

the number of subtractions required depends upon the particular

choice of the numbers a and b.

Numerical algorithms are widely used, since many other opera-

tions can be reduced to the four arithmetic operations. Usually such

a reduction does not give an exact answer, but does give an answer

to any desired accuracy. This is illustrated by the algorithm for tak-

ing a square root. By a series of divisions, multiplications, and sub-

tractions, a root can be computed as accurately as desired. In a

special branch of mathematics {numerical analysis) similar methods

are developed for reducing to arithmetic operations more compli-

cated operations such as integration, differentiation, and solving

various kinds of equations.
, , ^ u n^

In mathematics, a class ofproblems is considered solved when an

ahorithmfor solving them isfound. The discovery of such algorithms

is a natural aim of mathematics. For example, algorithms have been

1 One should keep in mind that this term has no precise meaning.

J



found for determining the number (and multiplicity) of roots ofan
algebraic equation and for calculating the roots to any preassigned
degree of accuracy.

^ ^

If there is no algorithm for solving all problems of a given type
a mathematician may be able to invent a procedure which solves
certam problems of that type, although it is inapphcable to other
C3.SCS.

3. DIOPHANTINE EQUATIONS

As an example of a class of problems for which present-dav
mathematics does not have an algorithm, let us consider all possi-
ble Uiophantine equations, that is, equations of the form

P = 0,

where ^ is a polynomial with integral coefficients, for which integral
solutions are to be sought.^ Examples of such equations are

x2+;;2_z2=0,
6x18 _ j( + 3 = 0;

the first is an equation in three unknowns, and the second is an
equation in one unknown. (In general, we may consider equations
in any number of unknowns.) Thus, the first equation above has
the integral solution

X = 3, y = 4, z = 5.

But the second has no integral solutions, since it is easily shown
that for any integer x,

6x18 >x ~3.

In 1901, at an international mathematical congress in Paris the
prominent German mathematician David Hilbert presented a list
of twenty unsolved problems and directed the attention of the
mathematical community to the importance of solving themAmong these was the following (Hilbert's Tenth Problem): Find an
algorithm for determining whether any given Diophantine equation
has an integral solution.

1 Other definitions of Diopliantine equations are sometimes given.

6



For the particular case of Diophantine equations in one un-

known, such an algorithm is known. If an equation

a„x» + a„-ix»-i + • • + aix + ao =

with integral coefficients has an integral solution xo, then ao is di-

visible by xq. This suggests the following algorithm:

(1) Find all divisors of the number ao (there are only a finite

number of them, and there is an algorithm for finding all of theni).

(2) Substitute each of these in turn into the left-hand side of the

equation and calculate the resulting value.
,. , r vi

(3) If any of the divisors gives a value of zero for the lett side,

then this divisor is a root of the equation; if none of the divisors

gives the value zero, then the equation has no integral roots.

Hubert's problem has been and continues to be worked on by

many prominent mathematicians, but for the general case with two

or more unknowns the required algorithm has not yet been found

Furthermore, it now appears very likely that such an algorithm will

never be found. The exact meaning of this seemingly pessimistic

prediction will be made clear to the reader later (section 44).

From the examples given so far it is apparent that numerical

algorithms (and indeed, algorithms in general) possess the follow-

ing characteristics:

The deterministic nature of algorithms. An algorithm must be

given in the form of a finite Ust of instructions giving the exact pro-

cedure to be followed at each step of the calculation. Thus, the cal-

culation does not depend on the calculator; it is a deterministic

process which can be repeated successfully at any time and by

anyone.
. . , ,„ f

The generality of algorithms. An algorithm is a single hst ot in-

structions defining a calculation which may be carried out on any

initial data and which in each case gives the correct result. In other

words, an algorithm tells how to solve not just one particular prob-

lem, but a whole class of similar problems.



2. Algorithms for Games

The examples considered in the preceding section were taken
trom arithmetic, algebra, and number theory. They are quite typi-
cal of the problems of those branches of mathematics and of classical
mathematics in general. In this and subsequent sections we shall
analyze two classes of problems which have a somewhat different
character; it would be more proper to call them logical rather than
mathematical problems, although it is hard to draw a sharp line
between such fog/ca/ problems and ordinary mathematical moh-
lems. But regardless of where this line is drawn or which side of itwe are on, our task still remains that of finding an algorithm which
gives a single method of solving any problem in some class of similar
problems the only difference being that in the cases considered
here the algorithms will no longer be numerical.

4. "ELEVEN MATCHES" GAME

One of many gamesi which depend not on the outcome of
chance events but on the ingenuity of the players is the game
Eleven matches." ^

Eleven objects, say matches, are on a table. The first player
picks up 1, 2, or 3 of the matches. Then the second player picks up
1, 2, or 3 of the remaining matches. Then it is again the first player's
turn to pick up 1, 2, or 3 matches. The players keep taking turns
until there are no more matches. The player who is forced to pick
up the last match is the loser. Is there any scheme by which A the
player who has the first turn, can always force his opponent B to
pick up the last match?

An analysis of the game shows that A can force B to pick up
the last match if he follows the following instructions:

1. First move. A picks up two matches.

' Translators' Note: The word "game" is used in two senses, as illustrated by the exam-
ples Chess IS a fascinating game" and "I played four games of chess today " As is

for tZfi7c,'"f r""" ""^"g^'" 'he theory of games, the word "game" is reserved

vtl,Ll H !! T" "J"
'^^ ^°"^ "P'^y" '' "^^'l '" 'he second sense. An indi-vidual decision made by a player during a play of a game is caUed a move of that play

8



2. Subsequent moves. If B picks up / matches (/ < 3) on his last

move, then A picks up 4 - / matches.

It can be shown that this Ust of instructions is complete m the

sense that regardless of what his opponent does, the list always

specifies a unique move which A can make.

Such a complete list of instructions is called a strategy in the

theory of games. If player A must necessarily win whenever he

employs some strategy, it is called a winning strategy for A.

The strategy given for A is in fact a winning strategy, smce it

enables A to win regardless of what B does. This is illustrated m

the following two examples:

ABABAB ABABAB
2 2 2 13 1 2 3 113 1.

Furthermore, it can be proved that if A were to pick either one

or three matches on the first move, then there would be a strategy

which B could use so as to be sure of winning.

5. ''EVEN WINS" GAME

Let us now consider the game "Even wins." The game starts

with 27 matches on a table. The players alternately pick up from one

to four of the matches. The winner is the one who has an even

number of matches when all the matches have been picked up.

The following is a winning strategy for A, the player who moves

first:

1. First move. A picks up two matches.

2. Subsequent moves when B, the other player, has an even num-

ber of matches. Let r be the remainder obtained upon dividing the

number of matches still on the table by 6. If r = 2, 3, 4, or 5, then

A takes (respectively) 1, 2, 3, or 4 matches.

3. Subsequent moves when B has an odd number of matches. If

r = 0, 1, 2, or 3 and there are at least four matches on the table,

then A takes (respectively) 1, 2, 3, or 4 matches. If r = 4, then A

takes four matches. If there are 1 or 3 matches on the table, then

A takes them all.

For example, consider the following play, in which A wms by

employing this strategy:

ABABABABABAB
21131341424 1.



As in the case of the preceding game, we forego a description
of the process by which we find a winning strategy for A and con-
fine ourselves simply to presenting one such strategy. Note that the
ideas depend greatly on the details of the game in question and
demand considerable ingenuity and resourcefulness.

6. THE TREE OF A GAME

Our immediate goal consists in finding an algorithm which wiU
give a "best" strategy for every game in a fairly large class. To
avoid formal complexities, instead of giving exact definitions of the
notions used, we shall sometimes merely explain them and illus-
trate them by giving examples.

We first note the following properties of the two games
described:

1

.

The game is played by two players who alternately take turns
at making a move.

2. The game ends with exactly one of two possible outcomes:
(a) either A, the player who moves first, wins (this outcome is de-
noted below by " + "), or (b) the other player, B, wins (denoted by

3. Each move consists of a choice by theplayer of one of a set of
admissible moves (note that the choice is a decision by the player,
rather than the outcome of some chance event such as throwing
dice).

^

4. At any point in the game both players have full information
as to what moves have already been made and what moves can be
made.

5. There is an upper limit to the number of moves in a play.
In what follows we shall first assume that all the games in ques-

tion possess properties 1-5.

It is an obvious and trivial fact that the players cannot both
simultaneously have a winning strategy. What is less obvious is

that in every game there is a winning strategy for one of the players.
Before turning to the proof of this assertion we shall show how a
game can be given a convenient graphical representation in the form
of a tree.

The tree corresponding to the following game (a simpUfied form
of the "Eleven matches" game) is illustrated in Fig. 1: There are six
matches on a table; each player in turn picks up one or two
matches. The loser is the one who picks up the last match.

10



The vertices of the tree represent the various situations which

can occur in a play of the game. The branches emanating from a

vertex represent the possible choices which the player can make.

Player Level

- B 6

I

Fig. 1

In our example there are two possibilities for each move (except

the last). For definiteness we let the left branch from any vertex

correspond to picking up one match and the right branch to pick-

ing up two matches. A play of the game corresponds to a broken

Une joining the bottom vertex a of the tree (the base of the tree) to

an end vertex (that is, a vertex from which no branches emanate).

The outcome of the play is marked at each end vertex.

In Fig. 1 each branch is marked with the total number of

matches which have been picked up at that stage of the play. The

hatched hne represents the play

A B A B

2 12 1

in which A wins.

We assign a level (see Fig. 1) to each vertex other than an end

vertex. The highest level occurring in a tree is called the order of

the tree; it equals the maximum length of a play of the given game

(property 5 thus asserts that all games under consideration have a

finite order). The vertices of odd level correspond to situations in

which it is A's move and those of even level to situations in which

it is B's move.

11



So far we have considered the tree only as some sort of
graphical picture of a game whose rules were given beforehand in
some other form. However, nothing prevents us from taking a tree
as the definition of a game. For example, Fig. la defines a game

Fig. 2

©
(a) (h)

Fig. 3

m which every play consists of exactly two moves: A starts by
makmg one of three possible moves and then B makes one of two
possible moves. In this game there is only one possible play in
which A wins (the hatched broken line). The tree of Fig. 2b defines
a game which is played in a single move. For various reasons it will
also be useful to speak of ''games" of no moves as illustrated in
Fig. 3a and 3Z?. In these "games" neither player does anything;
one is just automatically declared the winner.

Every vertex (not an end vertex) can be re-

garded as the base of a "subtree" of lower order,
which itself corresponds to some game.

The representation of a game by means of a
tree allows one to represent any strategy for A
graphically as a system of arrows joining vertices
of odd level to vertices of the next higher (even) level. To represent
a strategy, a system of arrows must possess the properties:

1. Not more than one arrow starts at any vertex (that is, a
strategy for player A must uniquely determine his choice in any
given situation).

2. If there is an arrow leading to a vertex y
(of even level), then any adjacent vertex on the next
higher level must be the origin of an arrow (Fig. 4).

This condition guarantees that the strategy will give
a move for A, regardless of what B does. A strategy
for B is defined similarly.

Fig. 4



The strategy for A in the game of "Six matches" in which A

always picks exactly one match is illustrated in Fig. 5. This strategy

yields 2 plays in which A loses and 2 in which he wins.

Fig. 5

7. ALGORITHM FOR A WINNING STRATEGY

Theorem. In any game satisfying properties 1-5, there is a

winning strategy for one of the players.

ThQ proofof this theorem will consist of a description of an algo-

rithm which in any game will yield a winning strategy for one of the

players. The algorithm is constructed by induction^ on v, the

length of the longest play possible in the game (p is the order of

the tree of the game).

The case ofv = 0. In this case a play consists of no moves. The

trees of the only two games of this kind are illustrated in Fig. 3.

The "strategy" of doing nothing (that is, the one represented by no

arrows at all) is a winning strategy for A in the game of Fig. 3a

and for B in the game of Fig. 3b. Thus, there is always a winning

strategy for one of the players.

The passagefrom v to v + 1. Suppose the theorem to have been

estabUshed for all orders <v\ we shall prove that it also holds for

order ^
-f- 1. In this case the tree of the game has the form repre-

sented in Fig. 6, where the triangles represent subtrees whose bases

iSee The Method of Mathematical Induction by I. S. Sominskii, published in this

series.
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are the vertices yi, 72, . .
. , y^ adjacent to

«, the base of the entire tree. As usual, we
let A be the player who has the first

move. Then the subtrees Ai, A2, . .
.

, An
represent games in which B moves first

(or games of no moves); moreover, these
games are all of order at most p.

Fig. 6

By the induction hypothesis, the theorem holds for all of
them. If A has a winning strategy for any of these games, say A^
then A has a winning strategy for the entire game: it suffices to
adjom the arrow joining a and y^ to A's winning strategy for A^. If,
on the other hand, B has a winning strategy for aU of the subgames
^1, A2, . .

. , An, then he has a winning strategy for the entire game;
he merely combines his winning strategies for the subgames. (That
is, his winning strategy will be the collection of all arrows which
enter into any of the winning strategies for the subgames.)

The case in which a represents the position of B may be analyzed
in exactly the same way.

This concludes the proof and the description of the algorithm.
Let us illustrate the process with the "Six matches" game (Fig. 7).
First, going from the top of the diagram to the bottom we mark
each vertex with a plus sign or minus sign, depending on whether
A or B has a winning strategy for the subgame with that vertex as
base.

The single non-end vertex of level 6 must be marked with a plus

6

5

4

3

2

1
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sign Now consider the vertices of level 5 from left to right. Recall

that it is A's move on this level. It is clear that the leftmost vertex

must be marked with a plus sign, since the only adjacent vertex

on level 6 is marked with a plus sign. The remaining non-end ver-

tices on level 5 must be marked with minus signs. Among the

vertices of level 4 (where it is B's move) we find four minus ver-

tices, namely those adjacent to a minus vertex on level 5, and three

plus vertices.

Continuing this process we arrive at level 1, whose single vertex

(the base of the tree) must be assigned a plus sign. Thus, A has a

winning strategy. We now insert arrows, going from the bottom of

the diagram to the top. From the base we draw an arrow to a plus

vertex on level 2 (in our example there is only one such vertex).

From each vertex on level 3 which is adjacent to the arrowhead we

draw an arrow joining it to a plus vertex on level 4. In our example

we now have a complete strategy, and the process ends here (Fig.

7). As can be seen from the figure, only two plays are possible when

A employs this strategy, and A wins in both.

We observe now that the theorem in this section and the algo-

rithm on which it is based can be generalized to take in the case

where properties I and 2 of section 6 are not satisfied (that is, to

a game in which only properties 3, 4, 5 hold). For example, we can

consider games between two players A and B in which besides A

or B winning it is also possible for the game to end in a tie (for ex-

ample, tick-tack-toe). Here it may turn out that neither player has

a winning strategy; in this case the algorithm will yield for each

player a strategy which assures him of at least a tie (or, if the

opponent makes an unwise move, even a win).

On the other hand, the game of chess fails to satisfy property 5.i

Nevertheless, by adding the new rule that a game of, say, 40 moves

shall be declared a tie. we obtain a game which does possess

properties 3, 4, and 5. Thus, there is a strategy which wiU

assure one of the players of at least a tie. To find it, it is sufficient

to construct the tree for chess with a 40-move limit and use the

above procedure to find an optimum strategy. If it turns out that

there is a winning strategy for white (player A), then the game is

predetermined in white's favor, provided that he follows this

I This statement is not true if the international tournament rules are followed. For

a proof that chess fails to satisfy property 5 when it is played under the old "German

rule" that the game is a draw if the same sequence of moves occurs three times m

succession, see F. Bagemihl, "Transfinitely Endless Chess," in Zeitschrift fur Mathe-

matische Logik, Vol, 2 (1956), pp. 215-17.
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strategy strictly. Similarly, the outcome of the game would also be
predetermined if black had a winning strategy or if both players
had a tying strategy. Thus, the application to chess of the algorithm
considered above must lead to a complete analysis of the game such
as we were able to make for the "Six matches" game

Why does chess, nonetheless, remain a game which demands
great skill and ingenuity? Here we have encountered the practical
infeasibility of the process prescribed by the algorithm. Twenty
branches (one for each of the possible first moves for white)
emanate from the base of the tree for chess. The number of
branches from each of the higher-level vertices is also generally very
large. The order of the tree is, thus, very large. Nevertheless
we must give an affirmative answer to the question of whether we
have an exact list of instructions which enables us to find the
optimum strategy for any game of the class under consideration (in
a finite number of steps, of course). Thus, the method pre-
scribed by this list of instructions is potentially feasible, but not
practically feasible, because of the large number of operations
required. ^

Just how practical it is to apply the preceding method to a
given game depends on the complexity of the game, the speed
at which we can perform the operations involved, and the amount
of time we are willing to spend on it. We are, of course, interested
chiefly in processes which art practically feasible. However, there is
no precise mathematical criterion for distinguishing between prac-
tical and impractical processes. Practicality depends on the means
available for computation, and this can change, for example, with
the development of technology. Thus, with the advent of the high-
speed computmg machine, many hitherto infeasible processes have
become realizable in practice.

However cumbersome the algorithm considered above may be
its existence is a noteworthy fact. For up to now no algorithm what-
ever has been found for Hilbert's problem on Diophantine equa-
tions! Meanwhile, the discovery of an algorithm, even a cumber-
some one, can give hope that it may be simpHfied or that a more
convenient algorithm may be constructed.

By virtue of the above considerations, whenever we speak of a
computational process or, in general, of a process prescribed by
some algorithm, we shall always mean simply a process which
would give the desired result were it carried out, even if present
computational methods are not sufficient to do this in practice.
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3. An Algorithm for Finding Paths

in a Labyrinth

8. LABYRINTHS

Greek mythology tells of the hero Theseus, who entered a

labyrinth in order to find and kill the monstrous Minotaur. He was

helped by Ariadne, who gave him a ball of thread, one end of which

she held. Theseus unwound the thread as he went deeper into the

labyrinth, then by rewinding the thread found his way safely out

again.

Reminiscent of this ancient legend is the modern "Mouse m the

Labyrinth" device of the American mathematician and engineer

Claude Shannon.^ The "mouse" is placed at one position of a

special labyrinth and another object which we might call a "piece

of cheese" is placed at another position. The mouse wanders

through the labyrinth in circuitous paths until it finds the "cheese."

If it is then put into the same starting position, it will go straight

to the "cheese" without any aimless wandering. (The "mouse" is

electromagnetically controlled by a relay circuit which records the

"successful" turns in the first attempt, so that on the second trip

the "mouse" makes only these.)

We shall consider here a related problem of finding a path

through a labyrinth (or, more correctly, a class of such problems),

and we shall develop an algorithm which solves this class of

problems.

We may think of the labyrinth as a finite system of junctions,

from which corridors emanate. Each corridor joins two junctions

(which are then said to be adjacent). There may also be "dead-end"

junctions, from which only one corridor leads away. The labyrinth

may be represented geometrically by a system of points^, 5, C, . .

.

(the junctions) and line segments AB,BC,... (the corridors), each

segment connecting a pair of the points (Fig. 8).

^ C. E. Shannon. "Computers and Automata," Proceedings of the IRE, Vol. 41 (1953),

p. 1234.
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We say that a junction Y is accessible from a junction X if there
IS a path leading from X to Y through some sequence of inter-

mediate corridors. More precisely, this means that either X and Y
are adjacent or there is some sequence Xr, X2, Xs, . . . X„ of junc-
tions such that Z and X,, X, and X„ X, and X^, . . . , and fiiaUy,
Xn and r are adjacent. For example, in Fig. 8, H is accessible fromA via the path AB, BC, CD, DE, EF, FD, DH, while K is not ac-
cessible from A. Furthermore, if Y is accessible from X at all then
It IS accessible via some simplepath, by which we mean a path which
passes through no junction (and a fortiori no corridor) more than
once (although there may, of course, be junctions or corridors
through which It does not pass at all). In the last example the path
was not simple, but by removing the loop DE, EF ED, we obtain
the simple path AB, BC, CD, DH.

Suppose that the Minotaur is at some junction M of the laby-
rinth and that Theseus sets out to hunt him from the junction A
where Ariadne is waiting; we must then solve the problem- Is the

^^A^T i^.^'^^^ssible from the junction ^?i If so, Theseus must
find the Minotaur by whatever path he can and then return to
Ariadne by a simple path. If not, he must return to Ariadne

There are innumerable possible labyrinths, and for any given
labyrinth there will be several possibilities for the locations of^
and M with respect to each other. Since at the beginning Theseus
knows neither the structure of the labyrinth nor the location of the
Minotaur, the solution of the problem must be in the form of a
general search method which can be used in any labyrinth and for
any relative position of A and M with respect to each other In
other words, the solution must be an algorithm for solving anv
problem of the given type.

' It is natural to assume that A ^ M.
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9. THE LABYRINTH ALGORITHM

In order to construct such an algorithm, we prescribe a special

method of searching. At each step of the search we can separate

the corridors into three classes: those through which Theseus has

never passed (we shall call these green corridors), those through

which he has passed once (yellow), and those through which he has

passed twice (red). Furthermore, from any junction Theseus may

move to an adjacent junction in one of two ways:

1. Unwinding the thread. Theseus moves along any green corri-

dor to an adjacent junction, unwinding Ariadne's thread as he

goes; this corridor is then considered yellow.

2 ^w/nc//«g//ie;/!read. Theseus returns along a yellow corridor

to an adjacent junction, rewinding Ariadne's thread as he goes; this

corridor is then considered red.

Note that Theseus is not allowed to go through a red corridor. We

assume that Theseus makes some mark by which he can later dis-

tinguish a green corridor from a red one. He can distinguish the

yellow corridors because they have Ariadne's thread stretched

along them. The choice of each move depends upon the conditions

which Theseus finds at the junction where he happens to be. These

conditions will be one or more of the following:

1 Minotaur. The Minotaur is discovered at the given junction.

2 Loop Ariadne's thread already passes through the given

junction; in other words, there are at least two other yellow corri-

dors leading from the junction.
, .. r .U

3. Green. There is at least one green corridor leading from the

junction.

4. Ariadne. Ariadne is at the given junction.

5. Fifth case. None of the above conditions prevails.

Our search method may now be described by means of the fol-

lowing table.

Condition Move

1. Minotaur Stop

2 Loop Rewind the thread

3 Green Unwind the thread

4. Ariadne Stop

5. Fifth case Rewind the thread
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Finding himself at any junction Theseus decides his next move
as follows: Beginning with condition 1, he checks the left-hand
column of the preceding table in numerical order until he finds
a condition which prevails at the junction. He then performs the
corresponding move in the right-hand column. He continues to
move m this way until he comes to a "Stop" order.

That this method works is a direct consequence of the follow-
ing three assertions.

1. For ^ and M located anywhere in the labyrinth Theseus
must eventually come to a "Stop" order, either at A or at M, after a
finite number of moves.

2. If the "Stop" order comes at M, then the Minotaur is accessi-
ble. Moreover, Ariadne's thread will be stretched along a simple
path from A to M; by rewinding the thread, Theseus can return to
Ariadne along this path.

3. If the "Stop" order comes at A, then the Minotaur is inaccessi-
ble.

Before proving these assertions, we shall give two examples of
the use of the method.

Example 1. Suppose that the search begins at junction A of the
labyrinth (Fig. 8) and that the Minotaur is at junction F. One
search following our method is given in Table 1. (Since the choice
of which green corridor to traverse is arbitrary, there will naturally
be other possible search patterns.)

Table 1



We see that in this example the Minotaur is accessible If we

now pick out from the last two columns the corridors which end

up yellow, we find the following simple path leading from A to F.

AB, BC, CD, DF.

EXAMPLE 2. If the search begins at junction K of Fig 8, with the

Minotaur still at F, we get a search pattern such as that of Table 2.

In this case the Minotaur is inaccessible.

Table 2

Move No.



are green. We now assume that one of the alternatives holds after the
1" l)st move and must prove that one must also hold after the

jath move (provided, of course, that the (n - l)st move did notlead to a stop order).

First suppose that after the (n - l)st move alternative (a) holdsThen the next move must be either from A to some adjacent junc-

case l^Zl T""" '"".f
"^ ^'° '^"^ ^^''' '^' "^h move we havecase {b) with only one yellow corridor, AK), or a stop (so that afterthe «th move we have case {a)).

.nH^r!
"^^""^^ '^'* ^^'^' '^' ^'^ - ^^'' "^^^^ alternative (Z>) holds,and that there are . yellow corridors, forming the path AaIa.aI

\h.'u] i"^ u
" °^^*'^ "^^ ™*'^^ ''^P^nds on conditions atthe junction K; the possibilities are:

1. M/«o^a«r. The «th move is a stop at the junction K, leaving
the same yellow corridors (case (b) after the «th move)

2. Loo/7. Theseus rewinds the thread along the yellow corridor
/C4,_i, which then becomes red. The yellow path becomes one cor-
ridor shorter. If the number . of yellow corridors was greater thanone, we have case {b) after the «th move, with . - 1 yellow corri-
dors; if s was one, we have case (a).

A
^' JT u

^''^'^"' unwinds the thread along some green corri-
dor, which becomes yellow. We then have case (6), with ^ + I yel-low corridors.

-r j^i

^- friadm. Theseus will never act on this alternative, since if

wiU^afso hold
°^ condition, which takes precedence over this one,

5. Fifth ca^e. If none of the first four conditions holds, Theseus
will rewind the thread. Just as for the loop condition, this leads to
(a) il 5 = 1 and to {b) li s > 1.

IK.
^^ iTL^r established that one of the alternatives (a) and

{b) must hold. It ,s clear that Theseus passes through no corridor

W. t'.

"^ 'T' ^f""^
"^^ "'""' P^^'"' ^*^^°"gh a red corridor.

Since the number of corridors is finite, the procedure must eventu-
ally come to a stop; thus, the final move must be to the junctionwhere either the Minotaur or Ariadne is.

Proofof assertion 2. If the stop order comes at the Minotaur's
junction, then the Minotaur is obviously accessible. Also, Ariadne's
thread forms a path back to the starting point along yellow corri-

?Z'tr T}T J '' '^°^"- '^^"^ '^'' '^ ^ ^'™Pl^ P^th followsfrom the fact that every time Theseus completed a loop, he rewound
the thread, thus ehminating the loop.
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Proof of assertion 3. In the case of a stop at Ariadne's junction,

first note that:

(a) Every corridor of the labyrinth has been traversed either

twice (a red corridor) or not at all (a green corridor); in other

words, there are no yellow corridors in the labyrinth, and the

thread is completely rewound (for otherwise the loop condition

would hold and there would be no stop).

(b) All corridors leading from the junction A are red, since it

one were green, Theseus would have traversed it rather than

stopping, since "Green" is ahead of "Ariadne" on the hst.

Assume now that assertion 3 is not true, that the Mmotaur is

accessible via some path AAr, ^1^2, • • • AnM. The first corridor m

this path must be red, since it leads from A, and the last corridor

must be green, since Theseus did not reach the Minotaur Let

AiAi^i be the first green corridor of the path. This means that there

are a green and a red corridor leading from Ai. Now consider the

last time that Theseus passed through the junction Ai. He must

have left along one of the now red corridors leading from Ai by

rewinding the thread, which means that he must have encountered

-
either condition 2 (loop) or condition 5. But it could not have been

5 since there is a green corridor AiAi^i leading from A^; therefore,

it must have been a loop. But this immediately leads to a contra-

diction by the following argument: If he had found a loop at Ai

the last time, there would have been at least two yellow corridors

leading from it; he would then have left along one of them, mak-

ing it red, but leaving at least one still yellow. But we have seen

that no yellow corridors are left at the end of the search, which

i means that Theseus must have passed through the rest of the yel-

^ low corridors leading from Ai later, and thus passed through Ai

again, which contradicts our assumption that this was the last time

he passed through Ai. This proves assertion 3.

In this search method there is an element of chance. For con-

dition 3 (green), the next move is not uniquely specified; if there

are several green corridors leading from the junction, any one of

them may be taken next. This violates the determimstic property

which we spoke of in the last section as being inherent in all algo-

rithms This element of chance can easily be eUminated, however,

and a true algorithm obtained. If there are several green corridors

leading from a given junction, we simply decide on a convention for

choosing one of them; for example, we always choose the first cor-

ridor in a clockwise direction from the one by which Theseus

23



entered the junction. The analysis of such questions, involving
chance acts, is of great theoretical and practical importance par
ticularly in game theory and its applications to economics

Specifications of precisely this kind give the "best" strategy (in
a certam sense) for an extensive class of games in which the choice
of moves depends not only on decisions by the players, but alsoon random choices. Such instruction lists are a direct generaliza-
tion of the algorithms described in the preceding section for games
without random choices. But we shall not touch on this question
and shall not consider instruction lists involving random choices to
be algorithms. The strict determinacy of an algorithm and the
umqueness of the course of the process which it specifies are
Its essential features.

Returning to the algorithm in question (after eliminating the
element of chance), one should note that simpler search methods
can be given for labyrinths of a more particular form. At the same
time, it seems natural to suppose that for the general case of an
arbitrary labyrinth, an algorithm cannot be other than some kind
of sorting-out procedure. Therefore, it is doubtful that an algorithm
simpler than the one we have given can be constructed.
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4. The Word Problem

The wordproblem is a further generalization of Theseus' search.

Whereas Theseus' search may be carried out in an arbitrary finite

labyrinth, the word problem is in a certain sense a search in an

infinite labyrinth. The problem arises in the branches of modern

aleebra known as the theory of associative systems and the theory oj

groups, although it goes beyond the framework of these theories.

Different versions of this problem have been studied with success-

ful results by two Soviet mathematicians, A. A. Markov and P. S.

Novikov, and their students.

1 1 . ASSOCIATIVE CALCULI

We first introduce some preUminary concepts. By an alphabet

we mean any finite set of distinct symbols; each of these symbols is

called a letter of the alphabet. For instance, {a, t{, z, ?} is an

alphabet made up of the following letters: Greek a, Russian ^,

Latin z, and the question mark. A word in a given alphabet is any

sequence of letters from the alphabet. For example, abaa and bbac

are words in the alphabet [a, b, c). If a word L is part of another

word M, we shall speak of the occurrence of L in M. Thus, in the

word abcbcbab there are two occurrences of the word bcb—one be-

ginning with the second letter, the other with the fourth. We shall

consider transformations of one word into another by means of

certain admissible substitutions and shall write these in the form

P—Q or P-^Q,

where P and Q are two words in the same alphabet.

The application of the directed substitution P -^ Q in a word R

is possible only when P occurs in i?; it consists of substituting Q

for one of the occurrences of P in R. The application of the undi-

rected substitution P— Q consists of either substituting P for an

occurrence of Q or substituting Q for an occurrence of P. From

now on we shall be concerned mainly with undirected substitutions

and shall refer to them simply as substitutions where no misunder-

standing can arise.
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Example. The substitution ab— bcb can be applied to the
word abcbcbab in four ways: substituting for each of the two occur-
rences of bcb gives the words

a ab cbab and abc ab ab,

and substituting for each of the two occurrences of ab gives

bcb cbcbab and abcbcb bcb.

This substitution cannot be applied to the word bacb.

We define an associative calculus as the totality of words in
some alphabet, together with some finite set of admissible substi-
tutions.

In order to specify an associative calculus, it is sufficient to give
the alphabet and the set of admissible substitutions.

1 2. THE WORD EQUIVALENCE PROBLEM

If a word R can be transformed into a word 5 by a single appli-
cation of an admissible substitution, we say that R is adjacent to
i. Note that if R is adjacent to S, then 5 is adjacent io R A se-
quence of words

^1, ^2, . . . , /?„_!, Rn

such that /?i is adjacent to R,, R, to R^, . .
. , and R„_, to R„ will

be called a deductive chain from R^ to /?„. If there is a deductive
Cham from the word R to the word S, then there is, of course, also
a deductive chain from S to R; in this case we say that R and S
are equivalent and denote this fact by R ^ S. It is clear that ifR~S&ndS~T, then R ~ T. Later we shall make use of the fol-
lowing theorem.

Theorem. Suppose that P ~ Q; then ifP occurs in a word R the
application of the substitution P-^Q i„ r yiMs a word which is
equivalent to R.

Proof R can be written in the form SPT, where S is that part
of/? which precedes the occurrence of P, and Tis that part which
follows It. Then the transformed word is SQT. Since P~0 there
exists a deductive chain

P,Pi,..., Pn., Q.
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Then, as is easily seen, the sequence of words

SPT, SPiT, . .
. , SPmT, SQT

is a deductive chain from SPT (that is, from R) to the transformed

word SQT. Thus, the theorem is proved.

Example. Consider the following associative calculus:

Alphabet:

(^^



13. WORD PROBLEMS AND LABYRINTHS

We can show a relation between the word-equivalence problem
and the problem of Theseus as follows: Ifwe construct a "junction"
for every word and a "corridor" joining each pair of junctions
representmg two adjacent words, then we can represent any
associative calculus by a labyrinth having an infinite number
ofjunctions and corridors. Since only a finite number of substitu-
tions are admissible, each junction will have only a finite num-
ber of corridors leading from it, and there may even be junctions
with no corridors (for example, the word aaabb in the example in
this section). A deductive chain leading from a word /? to a word
S IS represented by a path in the labyrinth leading from one
junction to the other, which means that the equivalence of words
corresponds to the accessibility of one junction from another.
Thus, in this representation the word problem becomes a search
problem in an infinite labyrinth.

In order to see better some of the difficulties which arise, con-
sider first the restricted wordproblem:

For any two words R and T in a given associative calculus, deter-
mine whether or not one can be transformed into the other by a chain
of not more than k admissible substitutions (where k is an arbitrary
but fixed positive integer).

It is easy to construct an algorithm for this problem, namely, a
sorting-out algorithm such as we could have used in the labyrinth
problem. Write down the word R, then all words adjacent to R,
then all words adjacent to these, and so on, k times. Then asking
whether or not R can be transformed into T using no more than k
substitutions is the same as asking whether or not the word T ap-
pears in this Ust.

If we go back to the unrestricted word problem, the situation
is quite diflTerent. Since a deductive chain leading from RioT may
turn out to be of any length (if it exists at all), in general we have
no way of knowing when to stop the sorting-out process. For ex-
ample, suppose that we have already repeated the procedure
1020 ^ 100,000,000,000,000,000,000 times, and thus have a list of
all the words into which R can be transformed by means of 1, 2,
3, . .

. ,
or 1020 admissible substitutions, and suppose further that T

does not appear in this list. Can we say that J is not equivalent to
/?? The answer, of course, is that we cannot, since there is still the
possibility that R and T are equivalent, but that the shortest deduc-
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tive chain connecting them has more than lO^o steps. (As an exer-

cise the reader may construct a calculus which has a pair of words

which are equivalent but are connected by no deductive chain of

length 1020 or less.)

14. CONSTRUCTION OF ALGORITHMS

To obtain an algorithm we must abandon the idea of a simple

sorting and instead look for other ideas, based upon analysis of the

transformation mechanism itself. For instance, take the problem of

the equivalence of the words abaacd and acbdad in the calculus of

the Example of section 12. We can prove that these words are not

equivalent as follows: In each of the admissible substitutions, each

skle contains the same number of «'s. Therefore, in any deductive

chain in this calculus, each word must have the same number of oc-

currences of a. Since the number of occurrences of a in the words

abaacd and acbdad is not the same, these words cannot belong to a

common deductive chain, and are therefore not equivalent.

Such a property, which is common to all members of a deduc-

tive chain, is called a deductive invariant. A deductive invariant may

aid us in finding an algorithm.

Example 1. Consider the following associative calculus:

Alphabet:
(a, b, c, d, e)

Admissible substitutions:

ab ba ae ea be eb de ed

ac ca be cb cd dc

ad da bd db ce ec

Here the admissible substitutions do not affect what letters are

present in a word, but only their order. It is not hard to show that

Lo words are equivalent if and only if each contains the same num-

ber of occurrences of every letter as does the other. We thus have a

simple algorithm for determining equivalence in this case: Count he

number of occurrences of each letter in each word, and compare the

results.

We now introduce a generalization of the concepts of "word"

and "admissible substitution." In addition to ordinary words m a
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finer.'S"''?'
"""

?u "
f""''

'^' '""P'y ''"^' ^hich contains no
letters and is denoted by A. We also allow substitutions of the form

P~A.

rent rp'°" "^^ ^""^ ^ "'^"^ '^P^^ '^^' ^^ ^here is an occur-rence of P m a word R, we delete it entirely; the substitution of P
for A nieans that P may be introduced into the word R at anypomt-before the first letter of R, or between two letters of /or after the last letter of R.

'

We now consider the following:

^"^f'^^.'f u
^'''^" ^^^ associative calculus with alphabet {a b c\and with the set of admissible substitutions:

^ ^

b ace bb A
ca accc cccc A
aa A

find an algorithm for the word equivalence problem in this calculus

nvJ Thi T'^'^'f
'\'^^^^'y algorithm-the reduction algo-nthm. This IS an algorithm for transforming any word into anequivalent word of a particular form-its redLd lord

Consider the following c^r^ere^ system of ^/rerterf substitutions:

*—^^'c aa—* A
ca—*acec cccc—» A

Given any word /?, find the first directed substitution in the Hstwhich IS apphcable to it and perform the substitution at the first pos-

? FinT rr". PT^^^°'" '^' l^ft- This gives an equivalent wordR .Find the first substitution in the list which can be appHed to R'and apply it After a finite number of substitutions'^we oMafna word Sio which none of the transformations can be appUed wesay that the algorithm reduces the ^ord R to the ^.ord J.i



We can show that the reduction algorithnn transforms any word

R into one of these eight words (the reduced words):

A , c, cc, ccc, a, ac, ace, accc.

1 If the letter b appears in the word R. then successive appli-

cation of the 8rs directed substitution will change each occurrence

ofTrnto tuntil no 6 rematns; since f does not appear m any

o he subsu.utions. tt cannot appear tn any ;=<l»-d -^
J^ ^% The letter a cannot appear directly to the nght of the letter e

in anyTedu'ced word, since t'h'e second directed substttution changes

"1 Tr«""„ottroT;nsecut,ve «. in any reduced word,

'^7%i^::c:^^^or. tha„ three times in a row be-

'^"mVbtllLro'/S-ords therefore includes all the reduced

wor^steac:ording^o the dlscusston given ab^ve^r^^

-'Sirs;;rdtr;i:rri^ts-:drrrrrthe^

""'sC-'fo' -"P'«. - - Sivc" .he words cacb and M,

First find the reduced words:

(1) each, cacacc, accccacc, acccaccccc, accacccccccc,

acaccccccccccc, qacccccccccccccc, cccccccccccccc,

cccccccccc, cccccc, cc.

(2) ^accb, accacc, acaccccc, qacccccccc, cccccccc, cccc,A.

Result. The words cacb and bb are not equivalent, since their

reduced words cc and A are diflferent.i

,The fact that the reduced word of tt is A^^::f:^TZ^^^Z
original list was superfluous, which explains why we om.ttea

aleorithm.
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r.n.^^''^;?^ '^,
^''^^ ^''^ ^^^"""^ «'" oddness of the number of occur

the four that contain no or two r\ Th».»r
'^"'7'*^"' 'O any ot

to establish th. n /
Therefore, we have now only

words
nonequivalence of the foUowing four pairs of

A, cc; c, ccc; a, ace; ac, accc.

We first define some lerms. By ihe index ofan occurrence ot a

o hHifonhr"" "" """""of—n4s ofcirwi"
10 tne right of the given occurrence of a. By the index of ihe wo,^

IN either of the substitutions aa - A and rr^.- A ^k \.'

rr:^' rir^ °^; ^°^^- ^^^^ ^^ -^^itSVr tCe Xty wj^;he index of the word is increased by the sum of the indkes Jthetwo occurrences of. But both these indices must be the same! whLh
1 For example, in the word acbca the indey nf th^ «
index of the second oocurren..:}lTo'TnJin:Jl^^^^^^^^^ '"^



means that the index of the word is increased by an even number

and thus its parity is unchanged. Similarly, if the empty word is

substituted for aa, the index of the word is reduced by an even

number. .

In inserting cccc the indices of some occurrences of a are raised

by 4 and the others remain the same; thus, the index of the word

is increased by a multiple of 4. The deletion of cccc has a similar

effect.

Finally, the substitution ca - accc changes the parity ot the

index of any word. To show this, we compare the words

PcaQ and PacccQ.

The index of every occurrence of a in the part P of the word is

changed by 2 and the index of every occurrence of a in the part Q
remains unchanged. The index of the single occurrence of a between

P and Q is changed by 3. Thus, the total index of the word is

changed by an odd number, so that its parity is changed.

Now the words ac and accc have indices of the same parity (1

and 3—both odd). Therefore, if they are equivalent, then any de-

ductive chain connecting them must involve an even number of

substitutions ca - accc (we may restrict ourselves to chains with

no occurrences of fe, as mentioned earUer).

But this condition leads to a contradiction. Each application of

the substitution ca - accc changes the number of occurrences of c

by 2, so that an even number of applications changes the number

of occurrences of c by a multiple of 4. Clearly, the substitution

cccc - A changes the number of occurrences of c by 4, and the

substitution aa - A does not change the number of occurrences

of c at all. From what we have said, we can conclude that if ac and

accc are equivalent, then the number of occurrences of c in them

must differ by a multiple of 4, which is not true. Therefore, ac and

accc are not equivalent, which means that, as claimed, none of the

reduced words are equivalent.

The detailed solution of the word problem in Example 2 illus-

trates in many respects the concepts and methods which are used

in general. It still remains to demonstrate the relevance and impor-

tance of this problem to modern algebra. We shall do so by con-

sidering a specific example in the next section.
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1 5. AUTOMORPHISMS OF A SQUARE

Take any square (Fig. 9/). Consider the following three auto-
morphisms (that is, transformations which transform the square
into itself):

(1) mirror reflection in a vertical axis passing through the cen-
ter O;

(2) mirror reflection in a horizontal axis passing through the
center O;

r d 5

(3) clockwise rotation through 90° about the center O. We shall

vertical axis

horizontal axis

//
cc

DC

DD

CB

VI
A A

DD

VII
CC

BD

baM^^^^c

VIII
AB^

IX D

Fig. 9

call these elementary transformations and denote them by a, b and
c, respectively. Parts ///, IV, and Fof Fig. 9 show how the vertices of
the square of Fig. 911 are changed under each of the elementary
transformations.

Under a succession of two or more elementary transformations,
the square is also transformed into itself. We shall adopt the custo-
mary definition that the multiplication of two transformations shall
mean their successive application. We shall also employ the usual
notation for multiphcation and use the word product for the resulting
transformation. For example, the product cc is the result of two
successive rotations through 90°, that is, a rotation through 180°.
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The product ac is a reflection about the vertical axis followed by a

rotation through 90°, which is the same as a reflection about

the right diagonal (see Fig. 97). The product (ac)(cc) of these

two transformations is the same as a reflection about the left

diagonal.

Our multiplication is not commutative; that is, it makes a dif-

ference in which order we multiply two transformations: Fig.

9 VI11 and 9IX illustrate the arrangement of the vertices of the

original square of Fig. 911 after the transformations ac and ca; we

can see that they are diff'erent. However, our multiplication, like

ordinary multiplication, is associative; that is, for any transforma-

tions p, q, and r, we have the identity (pq)r = p{qr). Thanks

to this, we can ignore the parentheses in any product. For example,

{ac){cc\ {{{ac)c)c\ and accc all represent the same transformation

(reflection about the left diagonal).

In what follows, we shall be interested in the set consisting of

the three elementary transformations a, b, and c and all transfor-

mations which can be represented as products of a finite but

arbitrary number of elementary transformations. Because of the

associativity of our multiphcation, we can omit parentheses and

represent these product transformations simply by writing down the

elementary transformations in the proper order, for example,

abb, cabb, accc. That is to say, we can represent them as words in

the alphabet [a, b, c}.

It also follows from the associative character of our multiplica-

tion that if the words P and Q are written so as to form a single

word PQ, then PQ represents a transformation which is the product

of the transformations represented by P and Q. For instance, the

word abccab represents the product of the transformations repre-

sented by abc and cab (or by ab and ccab, etc.).

It is clear that there are infinitely many words in the alpha-

bet {a, b, c], but it may happen that two diff'erent words represent

the same transformation. In this case it is natural to say that the

words are equal and to use the usual notation for equality. The

reader can easily verify the equalities

b = ace, (1)

ca = accc. (2)

To prove these, just apply the transformations on each side of the

equation to the same square, and compare the resulting squares.
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Also, It IS easy to see that each of the words aa, bb, cccc repre-
sents the same transformation; it is called the identity transforma-
tion, since It leaves the vertices of the square in their original posi-
tions. Since nothing is really changed by this transformation we
represent it by the empty word A . (We leave it to the reader to
verify that this convention does not alter the previous assertion )
Thus,

aa = /\,
(3)

bb = A,
(4)

cccc = A.
(5)

Comparison of equalities (l)-(5) with the admissible substitu-
tions in the associative calculus of Example 2 of section 14 leads
to the following statement, which establishes a connection between
that calculus and the transformations of a square:

Two products of the elementary transformations of a square are
equal if and only if the words which represent them are equivalent in
the calculus ofExample 2 ofsection 14.

It follows from equations (l)-(5) that the apphcation of any
admissible substitution to an arbitrary word S produces an equal
word. For example, the application of the substitution ca - accc
to the word bcac gives the word bacccc; but since multiplication is
associative, we can write bcac = b{ca)c and bacccc = b{accc)c. The
right sides of these two equations are equal, since they are products
of equal factors, which means that the left sides must also be equal.
Thus, any two adjacent words are equal.

It is now simple to show that if two words are equivalent in our
associative calculus, then the corresponding transformations are
equal. If 5 ~ r, then in the corresponding deductive chain every
two adjacent elements are equal, and therefore S = T.

The converse is also true: iftwo words are equal, they are equiva-
lent. If two words are equal, then their reduced words are also
equal. (This follows from the statement just proved.) But no two
of the reduced words are equal; this may be seen in Fig. 911-
IX, showing the results of the application to the square of Fig. 97/ of
the transformations corresponding to the reduced words. Thus,
if two words are equal, their reduced words must be the same'
which means that the words are equivalent.

We have given a concrete geometric meaning to the purely formal
idea of equivalence and replaced the determination of equivalence by
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the solution of a concrete geometric problem. In addition, the algo-

rithm just derived now appears as a general method for solvmg

geometric problems of this type. The situation is similar in other

calcuU, where a formal equivalence problem may have specific geo-

metric', algebraic, or other interpretations. We can say without

exaggeration that there are theorems in every branch of mathe-

matics which can be formulated as a statement concerning the

equivalence of two words in some calculus. We shall discuss this

further later on (see section 25).

We point out in closing that, having given the calculus of

Example 2 of section 14 a geometric interpretation, we can now

construct an algorithm directly and even somewhat more simply.

For, to test the equivalence of two words in that calculus, it is

sufficient to draw the corresponding transformations of a square

and to compare the resulting squares.

Problem. Solve the word problem for the associative calculus de-

fined by the alphabet {a, b] and the admissible substitutions

aaa = bb,

bbbb = A

.
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5. Computing Machines with

Automatic Control

1 6. HUMAN COMPUTATION

Since an algorithm, especially a practical one, is usually based
on subtle and complicated arguments, constructing algorithms re-
quires a high degree of ingenuity. But once an algorithm is found.
It can be used by a person who does not even know its purpose.'
He need only be able to perform the few elementary operations
required by the algorithm and to follow the directions exactly as
given. Proceeding quite mechanically, he can solve any problem of
the type for which the algorithm is designed. We might say that
such a person acts "like a machine"; we say it figuratively, of
course, referring to the deterministic nature of the algorithm, but
with the advance of science and technology, the phrase has acquired
a literal significance. In place of our hypothetical person, who does
not understand (or does not want to know) what he is doing as he
solves problems, it is now possible to use a machine. Such is
the modern computing machine with automatic control.

Our task will be to describe the basic principles of the construc-
tion and operation of such machines.

First, we shall examine the algorithmic process as performed
by a human calculator. In following an algorithm, a calculator re-
ceives, processes, and stores various data (or information). Usually
he writes them down {represents them) on paper, using numerals,
letters, and other symbols. We call such a group of symbols an
alphabet. For example, in algebra we use an alphabet containing
the usual letters, numerals, signs for arithmetic operations, paren-
theses, etc.

A calculation carried out manually involves the following three
factors (see Fig. 10a).
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Sheet of paper Memory Unit

(a)

Fig. 10

1

.

The storage ofinformation is usually accomplished by writing

down all data, including the instructions for solving the problem

(the algorithm), on a piece of paper. In practice, of course, the cal-

culator does not write down everything. Some things he remembers

(stores in his brain rather than on paper), while some he looks up

in charts or tables. However, this must not obscure the basic fact

that some means is provided for storing all necessary information.

Thus, the piece of paper in our figure must be understood to

represent all ways of storing information.

2. Processing the information means performing the elementary

operations required by the algorithm. This may be done by using

mechanical devices; for example, arithmetic operations may be

done on an adding machine or a slide rule. Each step of the calcu-

lation consists in taking certain information (for example, num-

bers) from the paper, performing a specified operation on it, and

recording the result at some definite place on the paper.

3. Control of the process, that is, the determination of what step

is to be performed next, is carried out by the calculator by refer-

ring to his instructions.
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1 7. COMPUTING MACHINES

What are the components of a computing machine and how do
they mteract? The answer to this question is suggested by the fact
that the machine must carry out operations such as we have
just described, but without human direction.

In the first place, a machine must have an alphabet by means of
which it can represent information. Instead of using written sym-
bols, a machine represents information by physically distinguisha-
ble conditions, such as different electrical voltages or different
states of magnetization.

Many considerations make it worthwhile to use an alphabet of
just two symbols (a binary alphabet), which may be called and 1.

For instance, this alphabet can easily be represented electrically by
a high voltage and a low voltage (or current flow and no current
flow). Further, one must take into account that the simplest logical
operations are carried out on variables which can take one of two
values: true or false. However, the choice of an alphabet and the
method of representing information in it have no bearing on our
understanding of the structure and operation of a machine. There-
fore we shall not go into further details, other than to point out
that the binary alphabet and binary calculations (instead of the
more usual decimal system) are usually used in modern machines.

Thus, the information which is put into the machine, as well as
that which is produced in the course of the calculation, is in the
form of certain physical parameters. In the cases which we are
interested in, all information is coded numerically. In particular,
the algorithm which the machine must follow is itself coded as
some Hst of numbers. An algorithm written for machine execution
IS called a program. The program is the most important part of the
information with which the machine deals.

As in the case of the hand calculation shown in Fig. 10«,
a machine must have components which store and process informa-
tion and control the process (see Fig. \0b)\

1. The memory unit plays the role of the piece of paper. In it is

recorded all the required information, including the program, in
the "language" of the machine. Clearly, a unit capable of per-
forming such functions can be constructed. For example, the
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memory may be a magnetic tape, on which the necessary coded

information is stored, much as in an ordinary tape recorder. The

memory unit of a machine is divided into cells which are labelled

by numbers called their addresses. Each cell stores or is capable of

storing one coded item of information; all such information, as

we have already mentioned, is in numerical form.

In practical machines, the memory function may also be per-

formed by cathode-ray tubes, magnetic drums, magnetic cores,

or some combination of these devices. However, we need not

distinguish between them and shall suppose for our purpose

that the memory unit consists of a single piece of apparatus, say a

magnetic tape.

2. The arithmetic unit plays the same role as a desk calculator,

although the principles of its construction are quite different. It

performs a given operation (for example, the addition of two num-

bers) by electronically converting electrical signals representing the

operands into electrical signals representing the result. The input

signals enter the arithmetic unit from the memory cells in which

they were stored, and the output signals representing the result go

to the cell in which they are to be stored. This is shown schemati-

cally in Fig. lOfo, where the numbers in cells 11 and 12 are added

and the sum stored in cell 15. In order for this operation to be per-

formed by the machine in a given time cycle, it is necessary that

connections be made at the beginning of the cycle from cells 11

and 12 to the arithmetic unit, and from the arithmetic unit to cell

15, and that the arithmetic unit be set for the proper operation (in

this case, addition).

All this is to be done by the control unit.

3. The control unit is responsible for the functions which in Fig.

lOfl were carried out by the calculator himself. At every step of the

computation it must set up the conditions for carrying out the re-

quired operation. It acts like an automatic telephone exchange,

connecting those "numbers" (memory cells, input hues to the arith-

metic unit, etc.) which take part in each operation. Figuratively

speaking, the control block consults the program for directions and

then gives the proper orders to those parts of the machine which

take part in the operation to be performed.
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1 8. MACHINE INSTRUCTIONS

Every machine is characterized by a definite set of instructions
which It can execute. Every program consists of a specific combi-
nation of instructions and auxiliary numbers (parameters); these
are stored in memory cells. Some machines, of which the Russian
BESM IS an example, have a three-addressi format for instructions-
the instruction is represented by a sequence of four numbers

a/iyd,

of which the first indicates the operation, the next two the addresses
of the two cells on whose contents the operation is to be performed
and the fourth the address of the cell in which the result is to be
stored (three addresses in all).

Each instruction is written in a single cell in the form of a num-
ber whose digits are divided into four groups having the meanings
indicated. For instance, in Fig. \0b, cell 1 contains the number
11112 15, which is the code for the instruction "Add (operation
1) the numbers in cells 1 1 and 12 and store the result in cell 15." (We
have divided the digits into groups of two from right to left. This
convention will be used in what follows.)

Usually there are a few dozen instructions for a machine.2
Here are some of the most common ones.

1. Arithmetic instructions:

(a) 1 /? y 5—Add the number in ^ to the number in y and
store the sum in S.

(b) 2 /? y 5—Subtract the number in y from the number in ^
and store the diflference in 8.

(c) 3 ^ y 5—Multiply the number in p by the number in y
and store the product in 5.

(d) 4 /? y S—Divide the number in p by the number in y and
store the quotient in S.

2. Jump instructions:

(e) 5 00 00 5—Proceed to the instruction stored in 8 {uncondi-
tionaljump).

1 Translators' Note: Most commercially manufactured machines are one-address ma-
chmes. There are also two-address machines such as the MANIACs.

2 Translators' Note: The trend is toward a larger number of instructions. Many ma-
chines now have hundreds. One (the Rice Institute machine) has about 8000
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(f) 5 01 y 6—Proceed to the instruction stored in 8 if and

only if y contains a positive number.

(g) 5 02 y 6—Proceed to the instruction stored in 6 if and

only if y contains a negative number.

3. The '"stop" order:

00 00 00—Stop.

Besides the instructions Usted, there are so-called logical instruc-

tions and others which we shall not discuss. Those given above

are sufficient for constructing a wide variety of programs; we shall

consider some examples in the next chapter.

Usually the instructions are executed by the machine m the

order in which they occur in the memory. Deviations from this

order are possible only via the execution of a jump instruction.!

Instructions (f) and (g) are called conditional jumps; they are

executed only if the corresponding condition is satisfied; otherwise

the machine merely skips them and goes on to the next instruction.

The operation of a machine proceeds in cycles, during each of

which a single instruction is executed. At the beginning of each

cycle the contents of the memory cell containing the instruction to

be executed is brought into the control unit. The control unit then

makes the necessary connections to execute the instruction. After

that the next instruction is brought from the memory and executed

by the control unit, etc.; this goes on until the machine is halted

by a stop order.

The technical feasibility of such a control unit should not be

surprising. Basically, we need no more equipment than is contained

in any dial telephone exchange, where a call is automatically

switched to the proper hne by means of electrical signals.

We have discussed three basic components of computing ma-

chines. Actually there are other important parts, particularly those

for putting the information into the machine and for transmitting

the results to the machine operator, but these are not important

for discussing the principles of the operation of machines or for

explaining their mathematical and logical possibilities. We shall,

therefore, assume in what follows that information can be put into

the machine and read out of it directly via the memory unit.

1 Translators' Note: Machines with a magnetic drum memory, such as EDSAC and

the IBM 650, do not operate in this sequential fashion; instead, each mstruction

specifies the location of the next instruction.
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6. Programs (Machine Algorithms)

In this chapter we give some examples of programs written for
a three-address machine. These programs are obtained from the
algorithms discussed earher. They are analyzed to illustrate the
meaning of the statement: The operation ofthe machine is controlled
by the program which is put into it. That is, we show what deter-
mines the order in which the operations are performed and how
solutions which often involve very long chains of operations can
be controlled by a relatively small number of instructions.

The notation for machine instructions is that presented in
section 18.

1 9. A PROGRAM FOR LINEAR EQUATIONS

Write a program to solve the system of equations

ax ^ by = c,

dx -]- ey = f.

Assume for the sake of definiteness that the coefficients a,
b,c, d, e, and /are stored in consecutive memory cells, beginning
with 51:

Address Contents

51 a
52 b
53 c

54 d
55 e

56 /
We shall also reserve cells 31-50 for storing the intermediate

and final results of the computation.
The solution of the equations is

^ ^ ce -Jb ^^ _ af- cd

ae - bd' ^ ae - bd
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To get the answer one must do six multiplications, three subtrac-

tions, and two divisions. Accordingly, our program consists of

twelve instructions, stored in cells 01-12:

Address Contents (instructions)

01



20. ITERATION

Find the solutions of the n systems of equations

ciiX -f biy = a,

diX +eiy =/i, i = 1,2, ...,A7.

The algorithm for this problem is just an n-Md repetition of that
for one system of equations of this type. Thus, it would be easy to
construct an algorithm which is just a simple extension of the one
of section 19, having 6n parameters storied in 6n memory cells and
a total of 11« -f 1 instructions, of which the first 11 compute the
solution of the first system, the second 1 1 the solution of the sec-
ond system, etc., n times, and the (1 1a2 + l)st instruction is the stop
order.

However, this considerable increase in the size of the program
is inefficient and can be avoided. Note that each series of 1 1 in-
structions can be obtained from the series preceding it by changing
the addresses which appear in the instructions. Specifically, if the
6n parameters are stored in order, beginning with cell 51, then add-
ing 6 to the first two addresses in each of the first six instructions
in the program in section 19 gives an algorithm for solving the sec-
ond system of equations. To keep the results apart, we must also
increase the final addresses in cells 10 and 11 by 2 each time. We
can thus extend the algorithm of section 19 to the more general
case by means of eight address-modification instructions. We first

place two parameters in cells 25 and 26:

Address Contents

25 06 06 00
26 00 00 02

The eight additional instructions are:

Address Contents

12 1 01 25 01

13 1 02 25 02

14 1 03 25 03

15 1 04 25 04
16 1 05 25 05

17 1 06 25 06

18 1 10 26 10

19 1 11 26 11
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After instructions 01-19 are executed, cells 40 and 41 contain

the solution to the first system of equations, as before, and cells

01-06 and 10-11 the following modified instructions:

Address



tained in cells 01-22. The structure of this program is represented
in the following diagram: ^



Address Contents Explanation

03 5 02 14 06 Jump to 06 if the contents of 14 is negative

04 5 0114 09 Jump to 09 ifthe contents of 14 is positive

05 00 00 00 Stop

06 1 13 05 12 Transfer the contents of 13 to 12

07 1 15 05 13 Transfer the contents of 15 to 13

08 5 00 00 01 Unconditional jump to instruction 01

09 1 13 05 12 Transfer the contents of 13 to 12

10 1 14 05 13 Transfer the contents of 14 to 13

11 5 00 00 01 Unconditionaljump to instruction 01

After the first two instructions are executed we have:

Address Contents

12 a

13 b

14 a-b
15 a

If a - 6 = (that is, a = b), then the conditional transfers 03

and 04 will be passed over and instruction 05 executed, which stops

the machine. Then cell 15 obviously contains the required result

(compare with instruction 3 in section 1).

l{a-b<0 (that is, a < b), then instruction 03 transfers con-

trol to 06, and this and 07 interchange the locations of a and bin

cells 12 and 13 (compare with instruction 4 in section 1). Then in-

struction 08 transfers control unconditionally to 01 again and the

machine begins another loop.

Ua-b>0 (that is, a > b), then instruction 03 is ignored and

instruction 04 transfers control to 09. Instructions 09 and 10 re-

place the numbers a and b in 12 and 13 hyb^nda-b respectively

(compare with instruction 5 in section 1). Instruction 11 then trans-

fers control unconditionally to 01, which then begins another loop.

A sequence of loops will produce a sequence of pairs of num-

bers in cells 12 and 13:

(fli, bi), (02, b2), ..., (flt, t>i), (fli+i, bi+i),

.

.

.

and a sequence of numbers in cell 15:

fll, 02, ... , fli, Oi+l. • • >

until such time as a pair of equal numbers (flk, bu) appears in cells

12 and 13. Instruction 05 will then stop the machine and the result

Ok will be in cell 15.
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22, OPERATION OF COMPUTING MACHINES

The preceding three examples clearly reflect the followine
two basic pnnciples of the operation of automatic computing
machmes: ^ °

1. The instructions of the program are arranged in some pre-
assigned order, which the machine generally follows in executing
the program. However, the machine is capable of changing the
course of the computation automatically, depending on the nature
of various intermediate results. This is accomplished by introduc-
ing conditional jump instructions.

2. The machine is able to do a rather long computation using
a relatively short program, because the various parts of the program
can be repeated or revised automatically. This is possible since the
program, being numerically coded and stored in the memory unit
in the same form as any other data, may itself be modified by the
machine in the course of the calculation (for example, by having
the addresses in certain instructions increased or diminished).

These principles are also characteristic of the operation of the
machine for problems which are not so obviously computational
(arithmetic) in nature. For example, it is possible to program
Theseus' algorithm (search in a labyrinth) or a known algorithm
tor the word problem in some associative calculus. But in order to
do this, It is necessary that the machine be able to perform a few
additional elementary operations and jump instructions, besides
those used in the simple arithmetic problems considered above
This can be done on modern electronic machines, so that the same
machine can be made to solve many types of problems simply bv
varying the program. ' ^

23. USES OF COMPUTING MACHINES

Not only in mathematics but in many other human activities
there are processes which can be expressed formally as a rigorously
defined sequence of instructions (algorithm) and programmed for
a machine. For example, in bookkeeping and economic planning
the analysis and processing of data and the compiling of balances
are carried out by means of long chains of elementary operations
according to fixed procedures. In other cases there are still no
clear-cut, perfected algorithms, although some day such algorithms
may be formulated and perfected. This is true, for example, of the
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problem of translation from one language into another. Given a

sufficiently systematic analysis of the syntax, morphology, and word

usage in a pair of languages, it would be possible to construct a

satisfactory algorithm for translating, say, scientific and commer-

cial texts from the one language into the other. (Such algorithms

already exist for some pairs of languages.)

Let us consider briefly the possibility of a machine playing a

game successfully. First, it is possible, in principle, to write instruc-

dons in machine language for a search for the optimum strategy

according to the algorithm of section 7. In practice this will be

feasible only for a game with a reasonably small tree, for example,

eames like the match games of sections 4 and 5 for which the num-

ber of matches is fairly small. Secondly, if one already knows an

optimum strategy for a game, he can program it for a machine. In

the case of complicated games for which no strategies are known

or for which the known strategies are too cumbersome to be han-

dled one is forced to confine himself to methods based on only a

partial analysis of the game, methods forming the so-called tactics

of the game. For example, in chess it is possible to set up a system

of values for the pieces, in which the king is assigned a very large

number of points, the queen a smaller number, the rooks a still

smaller number, and so on, with the pawns having the smallest

value In addition, we evaluate the advantages of the positions

(mobility, control of the center of the board, protection of the

king etc ) The diff'erence between the sum of the points for white

and black characterizes the material and positional advantage of

white at each step of the game. The simplest algorithm consists in

listing all possible moves for a given position and then selecting

the one which gives the greatest advantage from the point of view

of the estabUshed system of values. A better, but more complicated,

algorithm consists in examining ail possible combinations of three

or four consecutive moves and selecting the optimum move on this

^''trom what we have said, it becomes clearer how many kinds of

intellectual tasks can be performed according to a definite algorithm.

In all these cases it is possible, in principle, to program the operations

for a machine with automatic control. In particular, programs for

translating languages and playing chess have been written and run

successfully on machines (see reference [5]).
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7. The Need for a More Precise Definition
of "Algorithm"

24. THE EXISTENCE OF ALGORITHMS

Our previous discussion shows the strong connection which
exists between algorithms and automatic computing machines
Obviously, any process which can be performed by a machine canbe written as an algorithm. Conversefy, all algoritLs whfch hav^so far been constructed, as well as those which may be expected in

macLT
'"'"''' ''" '"^ P""'='P^^ "^ P^^f«™-d by

The last statement requires some clarification. As we havealready seen, the actual application of an algorithm may turn outto be very lengthy, and the job of recording 111 of the information
involved may be enormous. On the other hand, the memory units

cellTts fin^t^ LI
limited capacity (since the number of mLoiy

cells is fimte and the capacity of each cell is limited). Therefore it

I'gCditHs''
'' ™'''""'' '' '^""^^ ^" ^'^^"^"^"^ -'I- -i^^-

This can be illustrated by the Euclidean algorithm. The verysimple problem of finding the greatest common divisor of two nurS^bers cannot be solved by hand if it requires more paper and ink than
•s available. Similariy, a problem will not be solvable by machine J
It requires more memory space than there is in the machine

if it IT^ 'T ^'
"^^:l^^'

^" ^'Sorithm is potentially realizable

iloul '^'I'^i^^'^^ '•^^"•t in a finite number of steps (eventhough this number may be very large). In other words, it wouldbe possible to use the algorithm in a machine which had an un-hmited memory capacity.

The connection between the idea of an algorithm and the ideaof an automatic machine with a memory of infinite capacity leadsto a clearer understanding of the nature of each. However for aUof our emphasis on their connection, we still have not defined eitherof these Ideas precisely. An exact mathematical definition of the



notion of algorithms (and, at the same time, of automatic comput-

ing machines) was not produced until the 1930's. Why, through the

course of many centuries, have mathematicians tolerated without

any particular qualms an unclear notion of algorithms? Why is

it that only recently has an acute need for a definition sufficiently

exact for mathematical discussion arisen?

Earlier the term "algorithm" occurred in mathematics only m

connection with concrete algorithms, where an assertion of the

existence of an algorithm was always accompanied by a description

of such an algorithm. Under these conditions it was necessary to

show only that the system of formal instructions when applied

to any data in fact led automatically to the desired result. Thus, the

need for a precise definition of the notion of algorithm never

arose although every mathematician had a working idea of what the

term meant. However, in the course of mathematical progress, facts

began to accumulate which radically changed this situation. The

motive force was the natural desire of mathematicians to construct

increasingly powerful algorithms for solving increasingly general

types of problems.

Recall the algorithm for finding square roots. We might wish to

generalize this problem: to construct an algorithm for finding the

root of any degree of any given number. It is natural to expect that

such an algorithm will be more difficult to construct, but the pros-

pect of having it is attractive. We may go even further. Finding the

nth root of a number a means solving the equation

x" — a =

(finding the roots of the equation). We can formulate the still more

general problem:

Construct an algorithm for finding all roots ofany equation of the

form

anX"" + fln-i-x""! + . . . + aix + ao = 0, (*)

where n is an arbitrary positive integer.^

The construction of such an algorithm is still more difficult. In

fact, the basic content of the theory of equations amounts to the

construction of just this algorithm; it is of the greatest importance.

1 More precisely, for any integer K And a decimal approximation to the roots which

is correct to within -—-

.
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25. THE DEDUCIBILITY PROBLEM

The examples given show the natural striving of mathematicians
to find mcreasmgly powerful algorithms to solve increasingly gen-
eral types of problems. Of course, the example of solving all equa-
tions of the form (*) does not represent the limit to which one
might go. If we want to push this desire for increasingly general
algorithms to the extreme, we must inevitably consider this problem-

f-onstruct an algorithm for solving any mathematicalproblem
Ihis IS a problem so general that it might be considered an

insolent challenge to mathematics as a whole. Besides this it can
be criticized on the grounds that it is not clear what is meant by
any mathematical problem." At the same time, the great allure of

solvmg such a problem cannot be doubted.
This problem has its own history. The great German mathema-

tician and philosopher Leibniz (1646-1716) dreamed of an all-in-
clusive method for solving any problem. Although he was unable
to find it, Leibniz still thought that the time would come when it
would be discovered, and that any argument among mathemati-
cians could then automatically be settled with pencil and paper

Later, the problem received some refinement in the form of one
of the most famous problems of mathematical logic, the deducibility
problem Since we do not have room for a complete treatment of
the problem, we shall merely sketch its general outUnes.

As is well known, the axiomatic method in mathematics con-
sists in deriving all theorems in a given theory by formal logical
steps from certain axioms which are accepted without proof The
first of all axiomatic theories was geometry, but in modern mathe-
matics almost all theories are constructed axiomatically Mathe-
matical logic employs a special "language of formulas" that enables
us to write any proposition of a mathematical theory as a uniquely
determined formula.

In the terminology which we used earlier for an associative cal-
culus (section 1 1), we may say that such a formula is a word in a
special alphabet containing symbols to denote logical operations
such as negation, conjunction, and implication, as well as the
usual mathematical symbols, such as parentheses, and letters to
denote functions and variables. However, the chief similarity to
an associative calculus consists in the possibiUty of writing the
logical derivation of a statement 5 from a premise R in the form
of formal transformations of words, very similar to the admissible
substitutions in an associative calculus. This allows us to speak of
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a logical calculus, with a system of admissible transformations rep-

resenting elementary acts of logical deduction^ from whu^h any

logical inference, of arbitrary complexity, may ^e built An exam

pk of such an admissible transformation is the ehmination of two

consecutive negations in a formula; thus, "not unproved may be

transformed into "proved" (compare this with the admissible sub-

stitution aa- Am Example 2 of section 14).
. . ^ ^

The question of the logical deducibility of the proposition S from

the premise R in a logical calculus becomes the question of the

IxLencTof a deductive chain leading from the word representing

Tto the word representing 5. The deducibility problem may now

be formulated as follows:
, . ; / / ^ ^^

For any two words (formulas) R and S in a logical calculus, de-

termine whether or not there exists a deductive chainfrom RtoS.

The solution is supposed to be an algorithm for solving any

problem of this type (any R and S). Such an algonthm would giv

a general method for solving problems m all '"^^ematical theo les

which are constructed axiomatically (or rather, in all ^mtdi

axiomatizable theories). The validity of any statement 5 in such a

theory merely means that it can be deduced from the system of

axLms, or what is the same thing, that it can be deduced from the

statement R which asserts that all the axioms hold. Then the appli-

cation of the algorithm would determine whether or not the propo-

sition S were valid. Moreover, if the proposition S were vahd then

we could find a corresponding deductive chain in the logical calculus

and from this recover a chain of inference which would prove

the proposition. The proposed algorithm would in fact be a single

effective method for solving almost all of the mathematical prob-

lems which have been formulated and remain unsolved to this day^

That is why constructing such an "all-inclusive algonthm and an

"omnipotent machine" to match it is so appealing a prospect and at

the same time so difficult.

Despite the long and persistent efforts of many great men, the

difficulties of finding such an algorithm have remained insurmount-

able Furthermore, similar difficulties were soon encountered in

drying to find algorithms for certain problems of a far less general

nature. Among these were Hilbert's problem on Diophantine equa-

tions (section 3), as well as others which will be discussed below.

As a result of many fruitless attempts to construct such algo-

rithms, it became clear that the difficulties involved are basic, and

it came to be suspected that it is not possible to construct an algonthm

for every class ofproblems.



alJfth^ .!
'
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'^''' of problems cannot be solvedalgonthmically is not simply a statement that no algorithm hasyet been discovered. It is the statement that such an algorithm in

an exStThTs T'"'"' 'r^*^^^
"°^'^' '''''^ such'algorithm

cTnroof ,?n
" T'' ^' ^^'"^ °" ^«™^ '°'' °f mathemati-

cal proof however, such a proof makes no sense until we have aprecise defimtion of "algorithm," since until then it is not clear what
t IS we are trying to prove impossible. It is useful to remember a
this point that in the history of mathematics there have been othe

Ce and f" "t^K
'"'"^^""^ '^' "^^^ ^«"ght in vain for a long

Zl. t Z'^^
'' '""' °"'y ^^''' P^°^^d that solutions couldnot be obtained. Examples are the problem of trisecting the angle

radicals.
^' '''"^ *'' ^'"''^' '^*^ ^'^''^ equation by

A method of bisecting an angle using compass and straightedge

orobrero?r'^."'°°'''^-
^""^ ^""^"^ ^^'^'^^ t-'l t- -'ve th^problem of trisecting an angle using compass and straightedge. Itwas later proved that trisection of an arbitrary angle by such means

IS impossible. It is also well known that the sLtL o^a qtadra"
equation can be written in terms of the coefficients by means of aformuk which employs the signs for the arithmetic opLtion andhe radical sign. There are also formulas in radicals, which are extremely complicated, for third and fourth degree equations 1
hir'tf r'" ^^'"^""^ "^y ^^^'-^« f- ^q'^tion's of degre^higher than four was carried on unsuccessfully until the beginning

ItaTy^atsrer' ^''' ''' ^^''^^'"^ -arkabll resulf

For any n greater than or equal to 5, it is impossible to expressthe roots ofthe general nth degree equation in terms ofits coeffiLZbyjeans of the arithmetic operations and the operation ofexfracttg

In both these cases the proof of impossibihty turned out to befeasible only after there were precise definitions to answe the

M f ,r? u
^' '' ™'^"' ^y '°l^'"g ^" equation in radicalsr'Note that these two definitions gave a more precise meaning tocertam special algorithms, namely, the algorithm for solving anequation in radicals (not for the solution of equations in genfral)

strihtL'^r''^"
''•' ^""'^^'"S ^" ^"S'^ -'tJ^ -™P-« and

straightedge (not for tnsecting by arbitrary devices).



26 FORMUIATION OF A DEFINITION OF "ALGORITHM"

'rZTm' (
on°;orherma,hema.ical de6„i«o„) mus.

^

have already been illustrated by many -^-^"^Pl^^^ ^^ J^'^'^^j^l^o,

serifes of investigations was undertaken beginning n the 1930 s tor

chTracterizing all the methods which were actually used in con-

trucUnH gorithms. The problem was to formulate a defimtion of

he coSt of algorithm which would be complete not only in form

I' t more' mportlnt, in substance. Various -^r^^HZtf^^^
different logical starting points, and

^''^^'l^l^'':^''j;^^^^
tinns were proposed. However, it turned out that all ot these were
tions ^^;^ P3° ^ defined the same concept; this was the

Srtd k^ufon o^^ The fact that all of these apparent y

Tfftent definitions wefe really essenUally the same is quite signifi-

.onf • it indicates that we have a worthwhile definition.

Froml^etoirof view of machine mathematics, we are espe-

cialfyTtefe^tL^n tHe form of tke

^f^'^^jT^!:^^
a consideratior, of the processes performable ''^

^^^'^/J^ ;^^
such a rigorous mathematical definition it is necessary to represent

he operatrn of the machine in the form of some standard scheme,

whXhas as simple a logical structure as possible, but wh.h is suffi-

rientlv Precise for use in mathematical investigations. This was nrsi

don by' th English mathematician Turing, who Proposed a vei^

tenerd but very simple conception of a computing machine. It

I iH V; noted that the Turing machine was first described m

f937 Mhat ifbefore the constru'ction of modern computing ma-

chines Turng proceeded simply on the general idea of equating

h operl^i^n'of a machine to ?he work of a human - - ^t- w^

s foTowing definite instructions. Our presentation of his ideas will

utUizeThe general ideas of electronic machines now in use.

1 See [1] in the Bibliography, p. 101.
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8. The Turing Machine

27. DEFINITION OF TURING MACHINES

We now move on to a detailed definition of a Turing machine1
.
There is a finite set of symbols ^ machme.

•Specifically, the so-called external memory.
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Each cell can contain at most one symbol. Each piece of infor-

mation is represented by a finite string of symbols of the external

alphabet, not including the empty letter, and is stored in consecu-

tive cells on the tape. The initial information is introduced onto
the tape. The machine then begins to operate, and in the course of

each of its cycles the initial information is transformed into inter-

mediate information. At the end of each cycle, all the information

on the tape makes up the intermediate information at that stage.

The initial information can be any finite system of symbols in the

external alphabet (any word in this alphabet) distributed among the

memory cells in any fashion. However, depending on what initial

information 21 was given, there are two possible cases.

(a) After a finite number of cycles the machine halts, having re-

ceived a stop order, and there appears on the tape the representa-

tion of some information S . In this case we say that the machine is

applicable to the initial information 91 and that it has transformed
it into the resulting information 23 .

(b) A stop order is never received, and the machine never halts.

In this case we say that the machine is inapplicable to the initial

information 21

.

We say that a machine can solve a given class ofproblems if it is

applicable to the information representing (in a fixed code) any
problem of the class and if it transforms this information into infor-

mation representing the solution (in the same code).

2. Instead of the three-address instruction format of the ma-
chine of chapters 5 and 6, the Turing machine (hke some actual

computers) uses a one-address format; that is, only one memory cell

figures in any step of a computation. (We call the single memory cell

involved in a given Turing machine instruction the scanned cell

of that step.) For instance, the three-address instruction for add-
ing the numbers in ji and y and storing the result in 5 might be

replaced by the sequence of three instructions:

(a) Transmit the contents of fi to the adder.

(b) Transmit the contents of y to the adder.

(c) Transmit the contents of the adder to 5.

In the Turing machine the system of elementary operations and
the system of one-address instructions is simphfied even further.

In each cycle the instruction changes the symbol Si contained in

the scanned cell into some other symbol Sj. If / = y, then the sym-
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bol in the scanned cell is not altered; ify = 1, then the symbol in

the scanned cell is simply erased. Further, in going from one cycle

of the machine to the next, the address of the scanned cell cannot

change by more than 1. That is, the next cell to be scanned is

either one space to the right, one space to the left, or the same cell.

If the contents of a particular cell are needed in the calculation,

the machine searches for this cell by examining all of the cells one

by one until it finds the right one. This greatly lengthens the

process, but it also affords the following convenience: in the in-

structions of the program, instead of an arbitrary address for the

scanned cell, we can limit ourselves to three standard addresses,

which are represented by special symbols:

R—scan the next cell to the right,

L—scan the next cell to the left,

S—scan the same cell again.

3. For processing the numerical information contained in the

memory unit, the electronic machine described in Chapters 5 and 6

has an arithmetic unit, which may be in any one of a finite

number of states: the addition state, the subtraction state, etc. To

carry out any operation in the arithmetic unit, paths must be estab-

lished for transmitting not only the numbers on which the operation

is to be performed but also the signals which set the unit for

the proper operation. This is illustrated in Fig. \0b. In the Turing

machine, the processing of information is performed by a logical

unit 3" , which also can be in any of a finite number of states. Let

^i» ^2? • • • » ^m

be special symbols introduced to denote these states. The unit has

two input hues: through one of them comes the symbol sx on the

square being scanned, and through the other comes the symbol qi

of the state which the unit is in during the current cycle. Then the

unit transmits a "transformed" sign s^, which is uniquely deter-

mined by the two inputs Si and qu into the cell being scanned via

its output line. The instructions which specify what the machine is

to do on each cycle are of one of the forms:

RquLqu Sqi {I = 1, 2, ...,m),

where the first symbol specifies the address of the square to be

scanned (see above) and the second puts the logical unit into
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its proper state. The symbols R, L, S, qi, ^2, • •
. , ^m form the

internal alphabet of the machine.

In addition to the output 5';, the logical unit determines what
instruction is to be put into the control unit to begin the next

cycle. Thus, the logical unit must have not only one output line for

the symbol Sj to be copied onto the tape, but also two output lines

which transmit the two symbols of the next instruction to the con-

trol unit (see Fig. 11). It is essential that the output

triple Sj, P, qi depend only on the input pair of symbols

Si, qn of the current cycle. ^ This means that the logical

unit is like a function which associates a triple of sym-
bols Sj, P, qi with every pair of symbols si, qn. (In

all, there are k' m such pairs.) It is convenient to

represent this function (called the logical function of

the machine) as a rectangular table with one col-

umn for each state symbol and one row for each

symbol of the external alphabet and having the output

triple at the intersection of the row and column of the

input pair. We shall call this table the functional matrix

of the machine; an example of such a matrix is il-

lustrated in Fig. 12.2

Fig. 11
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As may be seen from the last column of Fig. 12, the machine

will stop only if the state 95 is produced at some stage of the

process. If this happens, the scanned symbol will not be changed,

and the machine will keep scanning the same cell and remain in

the same state (^5). This constitutes a stop-condition, signaling the

end of the calculation.

The operation of a Turing machine can also be carried out by

hand. To do this it is convenient to use the notion of configuration.

By the kth configuration we mean a diagram of the tape at the be-

ginning of the /cth cycle, with the symbol representing the state of

the logical unit during this cycle written below the scanned cell. In

this way we clearly indicate the input pair of symbols in this cycle,

and by referring to the functional matrix, we obtain the output

triple, which then defines the {k -f l)st configuration.

In the above example, the first and second configurations are:



It is easier to see from Fig. 14 than from Fig. 12 that if the ma-
chine scans the symbol a in the state ^i, it will begin a series of

moves to the left, passing over all occurrences of a or )8 without

changing them and remaining in the state ^i, until it encounters a

stroke or an empty cell. Only then will the machine go into a

different state.

In the next chapter we shall discuss the construction of Turing

machines which carry out certain simple numerical algorithms.

(In accordance with the preceding section, by the construction

of a Turing machine we shall mean simply the construction of

the corresponding functional matrix, which thus constitutes a

standard form for the algorithm.) We shall also discuss some
more general matters concerning the construction of Turing ma-
chines (functional matrices).
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The Realization of Algorithms

in Turing Machines

29. TRANSFORMING H INTO « + 1 IN DECIMAL NOTATION

The following problem is to be solved:

Given a positive integer n written in decimalform, find the deci-

mal representation of the number n -\- \.

Take for the external alphabet the empty sym-

bol A and the ten digits 0, 1, 2, 3, 4, 5, 6, 7,

8, 9. The machine may be in one of two states:

qo (the operating state) and ! (stopped). The given

number n, as well as the resulting number ai + 1, is

written in the decimal system by means of a series

of digits in consecutive cells (one digit per cell).

The functional matrix is given in Fig. 15, if we

ignore the last column and last row (whose signifi-

cance will be explained shortly). At the outset, the

machine is set to scan the rightmost digit of the

number n (that is, the digit in the units' place) and

is in state qo. If this digit is less than 9, the

machine replaces the digit by the next higher digit

and stops, as shown in the functional matrix.

If the digit is 9, then the machine changes it to

a zero and moves one space to the left, while

remaining in the state qo (this provides for carry-

ing a 1 to the next digit). If the number ends

with k nines, the machine will stop after k -f 1

cycles.

Fig. 16 shows the configurations for n — 389.

We shall now explain the meaning of the extended table of Fig.

15. This is a functional matrix which has one extra state qx and one

additional symbol
|
in the external alphabet. If the machine is

initially in the state q^ and the symbol
|
appears nowhere on the
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tape, then the operation of the machine will proceed exactly as in
the last example. This is clear from the fact that under those condi-
tions the last row and last column of the table will play no role.

But the machine can do other things besides solve the problems
considered above. Suppose that the tape contains the decimal repre-
sentation of some number n and also several strokes immediately to
the right of n. Consider the operation of the machine with this

functional matrix if initially the machine is set to scan the rightmost
stroke and is in state ^i. In the first cycle (input pair

|
^i), the stroke

is erased and the machine shifts one space to the left and shifts

into state qo (output triple A Lqo). The machine then keeps shift-

ing left (leaving the other strokes as they are and remaining in state

^o) until it comes to the rightmost digit ofn. From this point on, the
machine simply carries out the preceding algorithm; that is, it trans-
forms the number n into the number n + 1 and stops when this

is done.

In short, the machine reduces the number of strokes by one and
changes n into n + 1. We call this process a controlled transition from
the decimal representation of n to the decimal representation of
« -h 1. Fig. 17 shows the configurations for five strokes and
n = 389.
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30. CONVERSION INTO DECIMAL NOTATION

We shall construct the functional matrix for a machine (an algo-

rithm) to solve the following class of problems. Given a finite set of

strokes written in consecutive cells (such a collection of strokes will

be called a string of strokes), write the number of strokes in decimal

form. In short, count the strokes.

Such a matrix is given in Fig. 18. To convince oneself that this

table actually represents the required machine (algorithm), it is

helpful to compare it with Fig. 15. The qo column in Fig. 18 is the

same as the corresponding column in Fig. 15, with a new state ^2

substituted for "!". The difference in the qi column has no bearing

on the operation of the matrix of Fig. 15. Therefore, if the tape

contains the decimal representation of a number n, followed by a

string of strokes and the initial conditions are the same as in the

last example (that is, the machine is in state qi and scans the right-

most stroke), then the machine will begin by executing the same

process as that of Fig. 15; that is, it will erase the rightmost stroke

and change n into « + 1. However, the machine of Fig. 15 would

then go into the state ! and the process would terminate, whereas

the machine of Fig. 18 enters state ^2 and the process continues. In

particular, if the initial configuration is that of Fig. 17, then

configuration 8 will be that shown in Fig. 19. From the ^2-column

1 I3I9I0II1IIIIII 1



A ^2 causes it to go into state q^ and shift to the left (configuration

15, Fig. 19). The machine now is scanning the rightmost stroke and
is in state q^. This sets the initial conditions for another loop
analogous to the first. In the second loop, another stroke will

be erased and the number n + 1 changed into « + 2. If there are
k strokes to start with, then after k loops all of the strokes will have
been erased and the number n replaced hy n ^ k. At the end of the
k\h loop the machine will be in state qi again and the scanned cell

will contain not a stroke (for they have all been erased) but the right-

most digit of the number n + k (next to last configuration of Fig.

19). Referring to Fig. 18, we see that this stops the machine (final

configuration. Fig. 19).

From what we have said it follows that if the tape initially con-
tains the digit and a string of k strokes, then the machine will

erase all of the strokes and change the to the decimal represen-
tation of k (the number of strokes). But the same is true if we start

with no digits at all, but merely the string of strokes, since in states

qo and qi the machine treats an empty cell the same way as it does
the digit (see Fig. 18). Therefore, the table given in Fig. 18 in

fact represents an algorithm which gives the decimal representa-
tion of the number of strokes in any string.

Problem. Construct a functional matrix for a machine (algorithm)

analogous to that of section 29 for transforming the decimal repre-

sentation of any number n into the decimal representation of
n - 1 (for n > 1). Also, construct a functional matrix for a ma-
chine analogous to that of section 30 for converting the decimal
representation of any number n into a string of n strokes.

31. ADDITION

We next consider some examples of Turing machines for solv-

ing arithmetic problems. In these problems the initial data and the

results will be positive integers. We agree to represent any positive

integer by a string of that number of strokes. If several numbers
enter into a problem, we shall separate the strings of strokes repre-

senting them by a special symbol, say an asterisk, *, which we shall

include in the external alphabet.
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A pair of numbers is put on the tape, for example:

*

We must find their sum, which in this case is:

Note that the machine cannot simply re-

move the asterisk, since in that case there

would be an empty cell between the strokes

and the remaining strokes would not form a

string. Fig. 20 shows the functional matrix

of a machine which will add the two numbers.

Initial conditions: The machine is in state

qQ and scans the leftmost stroke (configura-

tion 1 of Fig. 21).



cell (configuration 12). Then (input pair A ^2) the machine marks a
stroke in the empty cell and goes into state q^ (configuration
13). The machine shifts to the left, skipping all the strokes and the
asterisk, until it scans an empty cell again (configuration 24). It

then (input pair A qi) shifts to the right to scan the leftmost stroke
and goes into state qo (configuration 25). As a result of this loop the
leftmost stroke has been moved to the right-hand end of the string,
which is to the right of the asterisk. If there are initially k strokes
to the left of the asterisk, then after k loops all of them will
have been moved to the right of the asterisk. At the end of the last
loop, the machine will be scanning not a stroke, since there
are none left, but rather the asterisk and will be in state qo (next to
last configuration). The next cycle (input pair *qo) will erase
the asterisk and stop the machine (final configuration). We then
have the required sum on the tape.

32. REPEATED SUMMATION AND MULTIPLICATION

We want to modify the table of Fig. 20 so that, given a pair of
numbers n and m on the tape, for instance:

*

the machine will begin an infinite process which consists of the
following: the addition of the number m which is to the left of the
asterisk to the number n which is to the right, followed by the addi-
tion of m to the resulting sum n + m, followed by the addition of
m to the sum n -f 2m, and so on, without end. For this the number
on the left must not be erased during an addition, since it must be
available for the next addition. This can be done by replacing the
strokes on the left by some other symbols instead of erasing them.
Fig. 22 shows a functional matrix in which the letter a performs this

function. The empty symbol in the first

row of Fig. 20 is replaced by a in the

first row of Fig. 22, and the first three

spaces in the newly added a-row of
Fig. 22 are the same as the A -row
of Fig. 20. Further, so that the ma-
chine will not be stopped after the

first addition, the stop-condition of Fig. 22
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Fig. 20 must be replaced by the symbol for some other state,

which will serve to continue the process, and which we shall call

q^. For this new symbol there must be an additional column in

the table.

There is no stop-condition in Fig. 22, and therefore the process

which the table describes cannot be finite. The reader can now easily

convince himself that the corresponding machine will perform an

unending series of additions of the left-hand number to the right-

hand number. If initially there are no strokes to the right of the

asterisk, that is, if the right-hand number is zero, then the machine

will produce m strokes to the right, then 2m, then 3m, and so on,

without end.

Problem. Construct a functional matrix for multipUcation.

Hint. Use the previous table as a basis, and modify it so that

the process of repeated summation does not continue indefinitely,

but stops after a number of loops equal to the multiplier (after each

loop, erase one stroke from a set representing the multipUer).

33. THE EUCLIDEAN ALGORITHM

We now consider a Turing machine for the Euclidean algorithm

(finding the greatest common divisor of two numbers a and b). We

have already described this algorithm twice—first by means of

verbal instructions (section 1) and secondly in the form of a pro-

gram for an automatic computing machine (section 21). This time

we shall present it as the functional matrix of a Turing machine

and shall examine the process of calculation in the machine. This

process is composed of alternating comparison loops and subtrac-

tion loops, corresponding to the elementary operations of comparison

and subtraction in an electronic machine. The functional matrix is

that shown in Fig. 14; its external alphabet consists of four symbols:

A, |,a,i8.

The numbers will be represented by strings of strokes, as be-

fore. In order to avoid details which are not essential and only serve

to comphcate matters, we shall agree to put the two sets of strokes

representing the given numbers onto the tape consecutively, with

no gap or separation by an asterisk; initially the machine will scan

the rightmost stroke of the left-hand number. After the detailed

analysis given below, the reader as an exercise should be able to
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change the given functional matrix to handle other initial condi-
tions (for example, if the strings of strokes are separated by an
asterisk and the machine is initially scanning an arbitrary cell).

Note that the letters a and 13 play the role of temporary markers to
aid in "remembering" certain situations which arise in the course
of the computation.

We shall use configurations to describe the appUcation of the
algorithm to the simple case of a = 4, b = 6. The first configura-
tion has the following appearance:

Only states qi and ^2 take part in the comparison loops and only
^3 and ^4 in the subtraction loops.

The machine first examines the numbers on the tape to deter-
mine which is larger. It works in much the same way as might a
human calculator who had to compare the number of units in two
long sequences, that is, by checking off' a unit from each sequence
in turn, until one of them is exhausted. Thus, the machine changes
one stroke of the first number t© an a, then changes one stroke of
the second number to a /?; then it returns to the first number and
changes one of its strokes to an a, etc.

In the first four cycles, the machine
i
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1
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produces the configurations shown in q^
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1
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Fig. 23. At the end of the fourth cycle, ^_^^_^^^_^^__^
the machine has "crossed out" one I I ' 1 1

1

1
l«l 1

1
1 1

1
I 1 1 1 1

1
I I

stroke in each number and is about to
^^

begin to shift to the left in search for I I 1 1 1 1 I lal 1 1 1 1 1 1 1 1 1 1 1 I

"[

the next stroke in the left-hand num- ^2

ber. After several additional cycles,
| | 1 1 1

1

| |a|^ | 1 1 1 | 1 1 1 1 , | |

configuration / of Fig. 24 appears on '
'

'

'

' " '^'^^ ' I

I M 1

1

I I

the tape; the first number is exhausted,
but the second is not. The search for a

^^^' ^^

stroke to the left is unsuccessful and leads to configuration //; the
comparison loop has now been completed, using only states qi and
^2. The next cycle gives configuration ///.

As shown in the 94-column of Fig. 14, the machine now begins
to shift to the right, changing all as into empty symbols (in other
words, erasing them) and all /?'s into strokes. After the last /? has
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34. COMBINATIONS OF ALGORITHMS

When constructing new functional matrices it is convenient,
when possible, to use matrices previously constructed. This can be
done whenever the new algorithm considered is, in a certain sense,

a combination of previously constructed algorithms. We can clarify

this by an example. Suppose that we are required to construct
the functional matrix for an algorithm which will change a given pair
of numbers, represented by strings of strokes, into their greatest
common divisor, written in decimal form. Since this algorithm can
be obtained as the result of the composition (that is, consecutive ap-
plication) of two earher algorithms—first that of section 33, then
that of section 30—its functional matrix, shown in Fig. 25, can be



then, instead of stopping at "!" (configuration XII, Fig. 24),

the machine goes into state 772; the operation continues and converts

the resuh into decimal form.

It is easy to see that this method may be extended to the com-

position of any finite number of algorithms. It follows in particular

that for a numerical algorithm we can always assume that the

natural numbers are given as strings of strokes, since if we can

construct a matrix for that case, say 31 , then we can easily con-

struct a matrix for doing the computation with the initial data and

the result in decimal form, namely, the composition of the follow-

ing three matrices: the matrix for transforming decimal represen-

tations into strokes, the matrix 21 , and the matrix for transforming

strokes back into decimal form.^

Another method of combining algorithms is the repeated appli-

cation of the same algorithm until some predetermined condition

is satisfied. For instance, the algorithm for translating into decimal

notation is just a repeated apphcation of the algorithm for the

transition from nio n -\- 1, which goes on until there are no more

strokes left. From the functional matrix of the given algorithm and

the condition for the end of the computation, we can construct a

matrix for the repeated algorithm. However, the method is more

complicated than that for composition, and we shall not examine

it in detail.

From the examples we have analyzed, it should be clear how to

construct functional matrices for other algorithms, particularly

nonnumerical ones. We shall sketch the general outUne for con-

structing the functional matrix of the word reduction algorithm of

section 14. First construct matrices ST 1, 21 2. 2t 3^ 21 4 for perform-

ing the directed substitutions:

b-^acc

ca-^ accc

aa-^ A
cccc-^ A

(For example, the machine corresponding to 21 3 transforms any

word in the alphabet [a, b, c} into another word in which the first

1 This is analogous to the operation of electronic machines which use the binary sys-

tem: they must have some arrangement for translating the initial decimal data into

binary form and the binary result into decimal form.
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occurrence of the pair of letters aa is removed. If the pair aa
does not occur,jt leaves the word unchanged.) Next construct

tables Si, 1^2, S3, S 4 for repeated applications of STi, 31 2, Sts,

31 4. (For example, the machine corresponding to S3 will remove
the first occurrence of aa from the initial word, then remove the

first occurrence of aa from the new word, and so on, until it pro-

duces a word which has no occurrences of aa). Finally, the desired

reduction algorithm is the composition of the matrices Si, S2,
S3, S4.
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10. The Basic Hypothesis of the

Theory of Algorithms

35. THE BASIC HYPOTHESIS

The examples of the last chapter leave the impression that the

operation of a Turing machine is like a slow-motion film of the

computation required by an algorithm. We would like to know

whether functional matrices can be found for other known algo-

rithms given in various ways, for example, as verbal instructions or

algebraic formulas. At this stage of our discussion it appears Ukely

that they can. Is this really the case? How general is the concept

of Turing machine and Turing functional matrix? Can we say that

all algorithms can be represented as functional matrices?

The modern theory of algorithms answers these questions with

the following hypothesis.

The basic hypothesis of the theory of algorithms: All algorithms

can be given in the form offunctional matrices and executed by the

corresponding Turing machines.

Two questions arise:

1. What is the significance of the hypothesis for the theory of

algorithms?

2. What is the basis for the hypothesis?

The basic hypothesis on the one hand speaks of "all algorithms,"

that is, of the general concept of algorithms, which, as we have

emphasized more than once, is not a precise mathematical concept.

On the other hand, it speaks of the Turing functional matrix, which

is a precise mathematical concept. Its significance is that it clarifies

the general but vague concept of "all algorithms" in terms of the

more special but completely precise concept of Turing functional

matrix. Thus, the theory of algorithms declares the object of its

investigations to be all possible Turing functional matrices (Turing

machines). It then becomes meaningful to raise such questions as

the existence or nonexistence of an algorithm for solving some class

of problems. We now understand this to mean the existence

or nonexistence of a Turing machine (functional matrix) having

the required properties.
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Thus, the basic hypothesis justifies the adoption of the basic
definition of the modern theory of algorithms, the use of which
enables the vague concept of an algorithm to be identified with
the precise concept of the functional matrix of a Turing machine.

What is the basis of this important hypothesis? We cannot
prove it as we prove a mathematical theorem, since it is a state-

ment about the general concept of algorithms, which is not pre-
cisely defined and is, therefore, not a proper object of mathematical
discussion.

Our confidence in the vahdity of the hypothesis is based chiefly

on experience. All known algorithms which have been developed
over the thousands of years of the history of mathematics can be
written in the form of Turing functional matrices. But the hypothesis
is not just a statement about algorithms which have been found in

the past. It also has the quite diff'erent nature of a prediction con-
cerning the future; it says that whenever any instructions are given
as an algorithm, no matter what their form or elementary opera-
tions, it will be possible to give them as a Turing functional matrix.
In this sense the basic hypothesis may be compared to a physical
law, for example, the law of the conservation of energy, where the

weight of vast experience in the past is judged to be a sufficient

basis for predictions of future events.

36. HISTORICAL REMARKS

In the last chapter we mentioned two ways of constructing
more complicated algorithms from known algorithms: composi-
tion and iteration. We could have given a longer Hst. However, all of
the known methods are such that as soon as the initial algorithms are
given as functional matrices, the composite algorithms can also
be given as functional matrices. In particular, we saw for the
composition of algorithms how the given functional matrices
are used to construct a new matrix. In addition, we recall the
following, which was mentioned in section 26. When there arose an
acute necessity for an exact notion of algorithm, many mathemati-
cians undertook to find a standard form for algorithms, sufficiently

precise that it would be a proper object for mathematical investiga-

tion, and at the same time suflftciently general for representing all

conceivable algorithms. Besides the Turing functional matrices,
several other methods were proposed. For example, A. A. Markov
arrived at the normal algorithm (which was briefly illustrated in
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this book by the reduction algorithm of section 14), and Godel and

Kleene arrived at the concept of recursive algorithm {recursive

function). It turned out that all of these are equivalent. This

cannot be considered a coincidence; it is an additional argu-

ment for the basic hypothesis.

Within the theory of algorithms itself, the basic hypothesis is

not used. That is, in proving theorems in the theory, no reference

is made to the basic hypothesis. Thus, a person who did not know

of, or did not accept, the hypothesis would have no formal

difficulties in the theory. However, he would consider what we have

called the theory of algorithms as merely the theory of Turing

functional matrices, that is, as the theory of a particular type

of algorithm.

The author personally beUeves in the validity of the basic

hypothesis and in the consequent estimate of the modern theory of

algorithms as a general theory rather than simply a theory of an

arbitrarily selected class of algorithms, namely the "Turing

algorithms."
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11. The Universal Turing Machine

Up to now we have held the point of view that different algo-

rithms are performed by different Turing machines, each with its

own functional matrix. We can, however, construct a universal

Turing machine, capable of executing any algorithm, that is, in a
certain sense, capable of doing the work of any Turing machine.

37. THE IMITATION ALGORITHM

In order to understand better how this is done, imagine the fol-

lowing situation: the tape of a machine initially contains some
information %, and we wish to show someone how the ma-
chine processes these data. If this person is familiar with the opera-
tion of Turing machines, then it suffices to give him the initial

information % and the functional matrix of the machine. By writ-

ing out the configurations, as we did for the Euchdean algorithm,
he can reconstruct the computation for himself. But this means
that he can do the work of any Turing machine if he is given its

functional matrix. The very process of imitating a machine from
its functional matrix can itself be given as an exact sequence of
instructions, naturally called an imitation algorithm, which can be
carried out by someone who knows nothing about Turing machines.
If he has the functional matrix of any machine and any initial con-
figuration of the tape, he will be able to imitate the operation of
the machine exactly and obtain the same result. A detailed imita-

tion algorithm is given in the following hst of instructions:

Instruction I. Scan the (unique) cell on the tape which has a
symbol underneath it.

Instruction 2. Find the column in the functional matrix headed
by the symbol which appears under the scanned cell.

Instruction 3. Find the row headed by the symbol which
appears in the scanned cell and note the triple of symbols which
appears at the intersection of this row and column.

Instruction 4. Replace the letter in the scanned cell by the first

symbol of the triple.
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Instruction 5. If the second symbol of the triple is !, stop.

Instruction 6, If the second symbol of the triple is S, replace

the symbol under the scanned cell by the third symbol of the

triple.

Instruction 7. If the second symbol of the triple is L, erase the

symbol under the scanned cell and write the third symbol of the

triple under the next cell to the left.

Instruction 8. If the second symbol of the triple is R, erase the

letter under the scanned cell and write the third symbol of the

triple under the next cell to the right.

Instruction 9. Proceed to instruction 1.

38. THE UNIVERSAL TURING MACHINE

In place of our hypothetical human calculator, we can use a

Turing machine; this will be a universal machine, capable of doing

the work of any other Turing machine. In other words, the imita-

tion algorithm, written above as nine verbal instructions, can also

be given as a Turing functional matrix (the universal matrix). The

complete proof of this fact, which is itself one more confirmation

of the basic hypothesis, is too cumbersome to be included here. We

shall Umit ourselves to some general remarks concerning the form

of the universal machine.

The initial information of the imitation algorithm includes the

functional matrix and the initial configuration of the imitated ma-

chine. The algorithm transforms the initial configuration into a

final configuration, representing the result which would be obtained

by the imitated machine. A universal machine must do the same.

We have the following two difficulties to overcome.

1. We cannot put the functional matrix and initial configura-

tion of the imitated machine directly on the tape of the universal

machine, for here, as in all Turing machines, all information is

arranged one-dimensionally (that is, in a single row) on the tape.

But the functional matrices we have given have been "two-dimen-

sional," with several rows; the same is true of the configurations,

in which the state-symbols appear below the tape.

2. The universal machine (like all Turing machines) uses a fixed

finite external alphabet. With this alphabet we must be able to

represent all possible matrices and configurations, which may in

turn use alphabets with any number of letters.
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Therefore, we must first devise some method of writing func-
tional matrices and configurations which meets the requirements
of Turing machines, namely, the one-dimensionality of the infor-
mation and the finiteness of the alphabet. Instead of a two-dimen-
sional functional matrix, with k rows and m columns, we write a
sequence of mk consecutive quintuples of symbols, where the first

symbol of a quintuple corresponds to the label of the row of the
matrix, the second to the label of the column, and the last three
make up the triple which appears at the intersection of the column
and row in question.

For example, instead of the table of Fig. 12, we write

The original table can obviously be recovered from this line in a
unique manner. Similarly, we represent a configuration by writing
the state-symbol to the right of the scanned cell, rather than under
it. Thus configuration IV of Fig, 24 would be written

lllll?4|.

39. CODED GROUPS OF SYMBOLS

To characterize a given functional matrix and configuration, it

makes no diff'erence which letters we use in the external and in-
ternal alphabets. For instance, if we were to replace the letter /?

in the table of Fig. 12 by the letter b, this would in no way aff'ect

our discussion of the machine. It is important only that diff'erent
objects be represented by different symbols, and that we be able
to distinguish the state-symbols and tape-motion symbols from the
external alphabet.

Taking these things into account, we shall replace each letter in
a row fi by a series of zeros and ones (a coded group), such that
each appearance of a given letter is replaced by the same coded
group. As a result, Q will be changed into some row S2' of O's and
I's. In order that fl may be recovered from 12', the method of cod-
ing must satisfy the following conditions.

(1) 2' can be broken into its various coded groups in exactly
one way.

(2) There must be a rule (an algorithm) for distinguishing be-
tween the coded groups for the shifts (L, R, and S), the state-sym-
bols, and the symbols of the external alphabet.
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These two conditions are met by the following method of

^^
L For the coded groups we take 3 + /c 4- m words of the form

100... 01

(a strine of O's between two I's).
.

i u
A row fi' can then be broken into its coded groups simply by

cutting between consecutive I's.

2. The code is as follows:

external

alphabet

state-

symbols

Symbol

L
S
R

Sl

S2

Coded Group

101

1001

10001

100001 4 zeros

10000001 6 zeros

Sk

?2

100 .. . 001 l{k + 1)

zeros

an even

number
of zeros,

greater

than 2

1000001 5 zeros

100000001 7 zeros

qm 100... 001 2(m -h 1)+ 1

zeros

an odd

number

of zeros,

greater

than 3

In this code with ^i = A , fl' will be

lOOOOUOOOOOllOOOOllOOOllOOOOOOOOOOOllOOOOUOOOOOOOllOOOOllOllOOOOOOOOOl
....

Such rows of O's and I's, coded from functional matrices or

configurations, will be called coded functional matrices or coded

configurations, respectively. In this code, a given functional matrix

or configuration can easily be recovered in its original form. In-

stead of and 1, we could of course have used any other two

symbols, for instance, a and b).

40. ALGORITHM FOR THE UNIVERSAL TURING MACHINE

We can now transform instructions 1-9 for the imitation algo-

rithm from their verbal form into an algorithm which will trans-

form the coded functional matrix and the coded initial configura-
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tion into the coded final configuration. Here are a few examples"
Instruction /In the coded configuration scan that coded groupwhich appears directly to the left of the (unique) coded group

with an odd number (>3) of zeros.
^

Instructions 2 and 3. In the coded matrix find the adjacent pair

rnsfrucXn"
"'" '''"'''''' ^'^'^ '''' ^''' °'S''^"P^ ™^"^'«"«5 i"

/«./mc//o« 6. If the second part of the triple of coded groupsbemg examined is the group 1001, then in the coded configuration
replace the coded group having an odd number (>3) of zeros bvthe third group of the triple.

^^ >
oi zeros by

By further analysis of this algorithm, we can reduce any opera-
tion performed on a coded group to a chain of the standard opera-
tions of Turing machines (changing one symbol into another, shift-ing one space to the right or left, etc.). One should note tha other
letters besides and 1 will have to appear in the exterior alphabeof the universal machine, for example, a letter to separate thecoded functional matrix from the coded configuration and letters

If fheVs and ^'?'T"'^
"""•"'^^^" ^""^^ '"^^ --'-^lon

In consequence of this analysis, the imitation algorithm is expres-
sible as the functional matrix of a Turing machine. This is then the

Zhll'^n. ti ""'Tu
™^''''"'- ^^^ '""'^'^'"^ ^ ^i" ««lve someproblem, then so will the universal machine, if it is given the coded

initial configuration and the coded functional matrix of ^
Given the existence of the universal machine, any functional

matrix (or coded functional matrix) may be viewed in two wajs
1. The functional matrix describes the logical unit of a special

lZ7J IV^^'''^
'^' corresponding problem. (This is thepoint of view which we adopted originally.)

2. The table describes a program to be used by the universalmachine to solve the corresponding problem
We note in conclusion that modern electronic machines are likethe universal machine, in that, in addition to the initial data for a

given problem, we also put the program for solving it into thememory. Electromc machines are also characterized by a divisionof the memory into an internal and an external part, where the
external memory may be, say, a magnetic tape or drum. But the



external memory of a Turing machine is infimte, whereas the ex-

ternal memory of any real machine is, of course, finite.

This essential difference between real machines and the Turmg

machine is, of course, unavoidable. At the same time, it is impor-

tant to realize that the external memory of any real machine can

be increased arbitrarily without changing the construction of the

machine, for example, by just spHcing on additional tape.
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12. Algorithmically Unsolvable Problems

41. CHURCH'S THEOREM

Having passed from the vague concept of algorithm to the pre-
cise concept of Turmg machine, we can now make precise the im-
portant question of whether a given class of problems can be
solved by an algorithm. We now understand this question to mean
the following: Does there exist a Turing machine for solving the
given class of problems? (See Chapter 8 for the meaning ofA Turing machine solves a given class of problems.")

There are problems for which the theory of algorithms gives
the answer "no." One of the first of these was discovered by the
American mathematician A. Church in 1936 (see A. Church "An
Unsolvable Problem of Elementary Number Theory" in American
Journal of Mathematics, Vol. 58). This problem is concerned with
deducibility (see section 25).

Church's theorem. The deducibility problem cannot be solved
algorithmically.

This not only explains the failure of all previous attempts to
construct the corresponding algorithm, but shows such attempts
to have been inherently futile.

42. THE SELFCOMPUTABILITY PROBLEM

Proofs of impossibility in the theory of algorithms are charac-
terized by the same mathematical rigor as proofs of impossibihty
in other branches of mathematics (for example, the proof of the
impossibihty of trisecting an angle with compass and straightedge or
of finding a common measure for a side of a square and its diagonal)
We shall sketch such a proof for the selfcomputability problem

Consider any configuration in a Turing machine. Two cases are
possible:

1. The machine is applicable to this configuration; that is,

starting from this configuration, the machine will arrive at a stop
order after a finite number of steps.
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2. The machine is appUcable to this configuration; that is,

it never reaches a stop order no matter how long it runs.

The following general problem arises.

Applicability problem. Given the functional matrix of any ma-

chine and some configuration for it, determine whether the

machine is applicable to the configuration. This is a typical problem

in the construction of algorithms, since to solve it one has to find

a general method (an algorithm or a machine) which for any

machine and any configuration gives the answer to the question of

whether the machine is applicable to the configuration.

Suppose now that on the tape of a Turing machine there

appears the machine's own coded functional matrix, written m the

alphabet of the machine. If the machine is applicable to this con-

figuration, we shall call it selfapplicable; otherwise we shall call it

nonselfapplicable. This leads us to the following less general

problem:

Selfcomputability problem. Given any coded functional matrix,

determine whether the corresponding machine is selfapplicable or

nonselfapphcable.

Theorem. The selfcomputability problem is algorithmically m-

solvable. This theorem obviously implies the algorithmic unsolva-

bility of the applicability problem.

Proof. Assume to the contrary that there exists a machine A

which solves the selfcomputability problem. A will transform every

selfcomputable functional matrix into some symbol a (denoting

selfcomputability) and every nonselfcomputable functional matrix

into a diff"erent symbol t (denoting nonselfcomputabihty). From A

we can construct another machine B with the following properties.

As before, it transforms all nonselfcomputable matrices into t, but

it is inapplicable to selfcomputable matrices. Such a machine can

be constructed by modifying the functional matrix of A so that

when the symbol a appears, instead of stopping, the machine

repeatedly scans the symbol a without erasure.

Thus, B is applicable to all nonselfcomputable matrices and

inapplicable to all selfcomputable matrices. But this leads to a

contradiction:
, ^u

1. Suppose that the machine B is selfcomputable. Then it is

applicable to its own coded functional matrix B' .
But since B is

applicable only to the coded functional matrices of nonselfcom-

putable machines, this means that B is nonselfcomputable.
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2. Suppose that B is nonselfcomputable. Then it is inapplicable
t^o B

,
which means that B must be selfcomputable. This contra-

diction proves the theorem.
One can estabhsh various cases of algorithmic unsolvabiUty and

various other general problems arising in the theory of Turing ma-
chines on the basis of the above theorem.

43. COVERING PROBLEMS; THE TRANSLATABILITY PROBLEM
One widely used proof method consists of the following Sup-

pose that to each problem a^ of a class of problems (aa, one can
associate a problem /(a,) of some class {b,} in such a way thatfrom a solution to the problem/(«0 one can derive a solution to
the problem a,. It is natural in this case to say that the problem
c ass {b,} covers the problem class {a,}. Under these conditions it is
also clear that if there is an algorithm for solving the class of prob-
lems {bi}, It can be translated into an algorithm for solving the
c ass of problems {a,}. If, however, it has been estabUshed thai the
class of problems {a^} is algorithmically unsolvable, it follows that
the class {bi} is hkewise algorithmically unsolvable. Such a situa-
tion IS often used to establish algorithmic unsolvabiUty. Specifically
for a given problem 33 a problem u is found such that 23 covers u but

«

IS algorithmically unsolvable. Let us give an example of an unsolva-
bihty proof using this method.

The translatability problem. For any given Turing machine Mand any two configurations for it, K, and K,, if K, is taken as the
initial configuration for M, does the configuration K^ ever turn up
during the processing, either as the final configuration or as some
intermediate configuration?

From the Turing machine M we can construct a new Turing
machine M* with the following property.

Let K be any configuration for M.
1. IfM is nonapplicable to K, then M* is nonapplicable to K
2. If A/ IS applicable to K, then M * is applicable to K, and the

final configuration consists of t in the scanned cell and blanks in
all the other ceUs, where r is any symbol not in the external alpha-
bet for M. ^

For any machine M, let P^ be the applicability problem for M,
and let J (Pi,) be the translatability problem for M' If f(Pj,) is
solvable, then there is a machine which determines for every con-



figuration K whether or not M* transforms it into A:*; but M*

transforms K into K* if and only if M is applicable to K (see the

construction of M*), which means that the machine which solves

J{Pm) also solves Pm- Thus, the translatability problem, since it

contains {J{Pm)]. covers [Pm]. the appUcabiUty problem. It follows

from this and the algorithmic unsolvabiUty of the applicability

problem that the translatability problem is also algorithmically

unsolvable.

Furthermore, the translatabiUty problem remains algorithmically

unsolvable if K2 is restricted to final configurations.

44. HISTORICAL REMARKS

Algorithmic unsolvabiUty was first established for problems in

mathematical logic (the deducibility problem) and in the theory of

algorithms (for example, the selfcomputability problem). There

later turned out to be similar, but less general, problems in many

other branches of mathematics. Among the most important are a

series of algebraic problems which reduce to different variants of

the word problem.

The word problem for associative calculi was formulated as

early as 1914 by the Norwegian mathematician Thue; he gave

algorithms in some associative calcuU of a special type. Since then

there have been many eff'orts to construct a general algorithm which

could be used for any associative calculus and any pair of words in

it. In 1946 and 1947, the Soviet mathematician A. A. Markov and

the American mathematician Emil Post independently constructed

examples of associative calcuU for which the word problem cannot

be solved algorithmically. Thus, there is a fortiori no algorithm for

determining word equivalence in arbitrary calculi. Then on the

basis of this result A. A. Markov and his students estabhshed the

impossibility of finding algorithms for a wide class of associative

calcuH.

In the next section we shall give one of the proofs of the theorem

that there is no algorithm for determining word equivalence in an

arbitrary associative calculus.

In 1955 P. S. Novikov created a great stir in the mathematical

world by demonstrating the algorithmic unsolvabiUty of the iden-

tity problem in group theory. This problem amounts to the word

equivalence problem for a special class of calcuU, namely those in
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